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Abstract
Cells are the fundamental units of living organisms controlling the behaviour of tissues,
organs and thereby the organ system. The mechanical stimuli has been found to contribute
towards changes in mechanical properties of cells, sometimes resulting in diseases. In order
to quantify the response of cells to mechanical stimuli, a variety of experiments have been
carried out. They have helped us to understand the effects of different types of stimuli,
responses in different length and time scales, effect of different environmental factors,
and the relation between different components of the cell. Focal adhesions present on
the cell membrane contain mechanosensitive proteins called integrins which can form a
connection between the cell and the extra cellular matrix, and thus sense the properties
of the substrate and thereby the external stimuli. This creates a chain of biochemical
reactions within the cytoplasm, leading to a cross bridge between the actin and myosin
proteins in the presence of calcium ions, forming stress fibres. In this regard, cyclic loading
experiments have been performed to understand the nature of connection between the
growth of focal adhesions and stress fibres. In this thesis, a novel DIY design of an
uniaxial cell stretcher has been designed and the manufacturing process using 3D printing
technology has been explained. The device has been used to apply uniaxial cyclic load
with different amplitudes, keeping the frequency constant to study the response of cells to
changing strains. The experiments have been performed on two types of cells, fibroblasts
and osteoblasts. The results are analysed quantitatively and the stress fibre orientation is
studied for varying loading conditions for each cell type.
Since the experiments performed are in vitro, the numerical models are developed in
order to apply in vivo type loading and study the response of cells. In this regard, a
numerical model is developed where in the already existing stress fibre and focal adhesion
growth models are extended and coupled through a feedback loop involving cytoplasmic
calcium concentration. Stress fibre is assumed to depend on the calcium concentration
and the active stress, while focal adhesion is modelled by assuming that integrins which
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exist in two states are in thermodynamic equilibrium. The active stress is taken as a
product of strain-rate and strain dependent functions. The focal adhesion forming a bond
with the substrate, and the cell provides a traction force to the cell. To consider the
variation of calcium concentration depending on the focal adhesion growth, a feedback
loop is introduced. The effect of substrate stiffness on the response of cells is analysed.
The model thus developed is used to obtain solutions to numerical problems simulating
biological phenomenon including stress fibre reorientation due to changing amplitude of
cyclic loading.
The mathematical model developed results in a coupled system of equations, for which
the solution scheme needs special consideration. Noting the limitation on the time step
that could be used with the staggered coupling scheme, a monolithic coupling scheme
is developed where the system of equations are solved simultaneously. The variational
formulation of the constitutive equations have been derived along with the algorithmic
aspects of the solution schemes. Solution is obtained by following finite element method
with large strain formulation. Numerical problems have been solved to compare the cou-
pling schemes for space and time refinements, and for changing parameter values. The
convergence behaviour of the solution schemes have been analysed. Finally, the solution
obtained from the numerical scheme have been compared with the experimental obser-
vations, and the ways this project could be extended has been discussed. Some of the
important results that could be drawn from this thesis are
(i) A novel compact 3D-printed cell stretcher which has the size of a standard 96-well
plate.
(ii) Stress fibres are formed predominantly in directions away from the direction of load-
ing, when cells are subjected to uni-axial cyclic stretch.
(iii) Reorientation is higher with increasing amplitude of the cyclic loading.
(iv) Mathematical model for stress fibre growth has been coupled with focal adhesions’
and the cytoplasmic calcium is controlled through a feedback loop.
(v) Feedback loop plays a crucial role in simulating experiments such as optical tweezers,
and ROCK inhibition.
(vi) Uni-axial cyclic stretch simulation results could be qualitatively compared to the
average results obtained from experiments.
iii
(vii) Coupling the system of equations can be performed following either a staggered or
a monolithic approach.
(viii) Monolithic approach allowed using higher time step values, while staggered approach
had limitations in the time step, and the parameter values that could be used.
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1. Introduction
The anatomy of living beings is more complex than that of the man-made systems. Because
of the inherent complexity, myriad processes occur simultaneously resulting in convolute
interactions between several components of an organ system. In spite of such intricacy,
processes are highly optimized, and efficient. Human beings, apparently the most intel-
ligent creatures, are on a never ending quest to make life more comfortable. As devices
become more intricate, there is a higher necessity to give importance to even the minute
details of the mechanisms, and optimise them. In this regard, it is a great thought to
get inspiration and ideas from the well developed natural habitat, and build systems that
would make lives simpler, and better. One of the very famous examples is of Leonardo da
Vinci, a scientist, and an artist, who had begun the study to understand the movement
of birds to create an aircraft. Historically, many of the architectural marvels have been
designed and built having been inspired from the structural elements in Nature. Carrying
this forward, terms such as bio-inspired structures and biomimetics have been coined to
develop this field of study.
The scientific study of living organisms is undoubtedly multi-disciplinary, involving a
number of biological, chemical, and mechanical processes occurring simultaneously. Un-
derstanding the behaviour of biological systems using the concepts of mechanics is termed
biomechanics [1], and since finding the solution to a problem in mechanics involves math-
ematical discourse, it is also sometimes referred to as mathematical biology [2]. Thus,
by developing theories, to complement experimental studies, it is possible to obtain an
analytical perspective to the multi-physics stimuli resulting in a biological response. As
reviewed in [3], the earliest books containing the concepts of biomechanics were probably
the Greek classic On the Parts of Animals by Aristotle and the Chinese book Nei Jing.
The field of biomechanics has been advanced by the contributions of many well known
scientists, including Galileo Galilei, William Harey, Rene´ Descartes, and Isaac Newton.
The invention of prosthetic heart valves and other heart assist devices, which has solved
1
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many clinical problems in cardiovascular systems, have been possible due to biomechanics.
It has also helped in the development of prosthetic legs and arms, and has assisted in the
advancement of sports science as well.
In order to discern the behaviour of the living body in its entirety it is necessary to
study its mechanics, beginning from cells. In a human body, the number of cells is three
orders of magnitude greater than the number of stars in the Milky way, yet, there are only
about 200 different types of cells [4]. Many experimental procedures have been developed
over time to understand the organisation, function and behaviour of cells. It has been
found that, each type of cells has its own shape, size, and mechanical properties. For
example, nerve cells are shaped like a tree with a cylindrical body and branches at the
top while cardiac cells have the shape of fibres cross-linked to each other. In order to
understand the mechanisms of organs, which are formed by the tissues and in-turn by
cells, it becomes important to study the mechanics of cells. This field of study has been
termed cell mechanics [5].
With recent advancements in experimental techniques such as atomic force microscopy
(AFM), optical stretcher, it has been possible to observe the behaviour of cells and sub-
cellular structures in more detail, and understand to an extent the mechanisms involved.
State-of-the-art optical technologies have made it possible to view sub-cellular parts with
higher resolution, while modern fabrication devices have made studies of individual cells
possible. But, since most of the experiments are performed outside the living body, usu-
ally on the glass dish, termed in vitro, there is a necessity to develop theories that can
map these experimental observations to the conditions within a living body, termed in
vivo. In this regard, mathematical models, simulating the environment of a living body,
can be used along with experimental observations to predict the in vivo responses. Hence,
with state-of-the-art computational technologies, experiments have been successfully bol-
stered by numerical analyses, and the predictions of the behaviour of cells under different
environmental conditions are being possible.
1.1. Background and motivation
Recent experiments on a variety of cells, especially on fibroblasts and endothelial cells
have shown that cells respond to external mechanical stimuli [6–8]. The behaviour of
cells was found to vary based on the mechanical properties of the material surrounding
the cells, termed extracellular matrix (ECM), and the loading type. In particular, it has
1. Introduction 3
been found that cells reorient away from the direction of loading when a uniaxial cyclic
loading is applied to the substrate onto which the cells are attached, as observed with
fibroblasts, Fig. 1.1 [9]. It has also been observed that cellular reorientation depends on
the stiffness of the substrate used, and parameters of the loading cycle. This has also
led to the observation of an existence of a mechanism for continuous crosstalk between
different sub-cellular parts of the cell.
Fig. 1.1: (A)Reorientation of Fibroblasts subjected to cyclic strain, as observed in [9].
Direction of cyclic loading is indicated by the bi-directional arrow. Frequency
was chosen to be 3Hz. It can be observed that, with time, cell reorients away
from the direction of loading. Scale = 10µm.
Over the past few years, there have been numerous attempts on developing computa-
tional models for simulating such reorientation phenomenon [10, 11]. The main scheme
of a computational model is to start by constructing the geometric model of the body,
upon which the mathematical model involving the governing equations has to be solved, as
indicated by undeformed geometry or reference configuration in Fig. 1.2(A). The domain
of the geometry can then be discretised into subdomains and converted into a numeri-
cal model using any of the schemes such as Finite elements or Finite differences and the
boundary conditions are applied to the numerical model, as shown in Fig. 1.2(B). The
numerical model can then be solved to obtain the final configuration of the body. The
solution obtained can be represented as the deformed geometry, and indicates the final
configuration, as shown in Fig. 1.2(C).
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Fig. 1.2: Converting geometrical model of cell to a numerical model and then solving to
obtain the final configuration. (A) Reference configuration indicates the
geometric model of the body prior to any loading. (B) Discretisation of the
whole domain to finite sub domains, indicated by rectangles within the body,
and the applied boundary conditions indicated by straight lines on the
boundary. (C) Solution of the numerical problem represented by deformed
geometry, indicating the final configuration.
1.2. Aims of the project
Even though there are several mathematical models developed to explain various cellular
processes individually, it was found that, an explicit connection between several cyto-
plasmic proteins resulting in a feedback loop would be necessary to simulate the right
behaviour caused due to their interactions. Hence, there was a need to study different
cellular processes including reorientation using a model involving such a feedback loop. In
addition, since modelling of cells involves solving a multi-physics coupled system of equa-
tions, the solution scheme and the type of coupling plays an important role in obtaining
the right solution. In addition to having a right model which can describe the cellular
mechanisms, it is necessary to have a robust numerical scheme as well. Hence, finding the
right solution scheme that can give meaningful results over a wide range of parameters
representing experiments on different cells is necessary. In addition, experiments had to
be carried out in order to validate the numerical results and further design studies to
understand the behaviour of cells. In this regard, the main aims of the project were:
• Designing and building a cell stretcher in order to perform cyclic loading experiments
• Developing a robust numerical model for cell contractility including feedback loop
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• Analysing different coupling schemes and comparing their numerical efficiencies
• Validating the numerical model using experimental results.
1.3. Thesis layout
The thesis is divided into 6 chapters with following contents in each:
• Chapter 1 : A brief introduction to the topic and the objectives of the thesis has
been provided.
• Chapter 2 : An introduction to the cellular biology is given detailing the important
components and mechanisms of the cell. A brief literature review of the experiments
and numerical modelling focussing on the stress fibre reorientation phenomenon is
given.
• Chapter 3 : The uniaxial cyclic loading experiments performed on fibroblast and
osteoblast cells are explained. The design of the cell stretcher and the additive
manufacturing process used is described. Detailed procedure of the quantitative
analysis performed is given and the results are compared between two cell types.
• Chapter 4 : The numerical model developed to explain the process of stress fi-
bre growth coupled with focal adhesion formation, including the feedback loop is
explained. Numerical examples are provided and compared with experimental ob-
servations. This chapter is based on P.KESHAVANARAYANA et.al [12].
• Chapter 5 : The numerical schemes followed to couple the governing equations is
analysed through the variational formulations. Effect of space and time refinement
on the solution schemes is analysed. This chapter is based on P.KESHAVANARAYANA
et.al [13].
• Chapter 6 : Conclusion is provided by discussing each chapter. The experiments
that could be done, and the possible extension to numerical modelling is given as
future work.
2. Cell Mechanics
2.1. Response to stimuli
It is known that the growth of tissues is greatly influenced by external mechanical forces.
For example, the remodelling of bones can be controlled by the applied mechanical forces
[14]; and tissues can be repaired by exercises [15]. Cells, the fundamental units of living
organisms, in the presence of extra cellular matrix (ECM), make a functional ensemble
to form tissues, tissues form organs, which function together as an organ system. Thus,
for controlling the structure of bones and muscles, and for an organ system to work in
unison, cells have to function systematically. Cells have the ability to sense stimuli from
its surroundings, the ECM, and respond based on its magnitude and type. Response to
stimuli can lead to different cell behaviours such as proliferation (reproduction of cell), gene
expression and synthesis, and secretion of proteins. Sometimes, either because cells sense
the stimuli wrongly or the stimuli itself is affected, the cellular response is compromised,
which might push the cell to a diseased state. Thus, diseases such as diabetes, malaria,
and cancer can be detected by observing variations in cellular behaviour.
Over the past few decades, the role of mechanical forces in cellular response is being
studied [16–18]. A wide variety of research has established the connection that exists
between mechanical and biological properties of cells. The shape and structure of cells,
tissues and organs have been extensively studied [1, 3]. Experimental techniques have been
devised, advanced over years, to measure the mechanical properties of cells. Experiments
have shown that cells sense and respond to stimuli resulting in the dynamic behaviour
of tissues and organs. But the question yet to be answered precisely is, how cells sense
the various mechanical, biological, chemical and electrical stimuli and convert them into
corresponding mechanical or biological responses.
Cells, as a response to stimulus, may alter their structure to maintain the mechanical
equilibrium. Stresses are developed during this process which influence the movement,
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reorganisation, and other bio-chemical reactions altering the concentration of proteins
within the cell. These structural and bio-chemical responses affect the ECM, which in
turn act as stimuli for the cell. Thus, there is a continuous interaction between the cell
and the ECM. In other words, the behaviour of cells depends on the properties of ECM,
and vice-versa. Hence, in order to predict the response of cells, it is insufficient to study
cell as an independent body. The in vitro studies should therefore include the combination
of cell and ECM by allowing their interactions to influence each other.
2.2. Cell composition
The eukaryotic cell, as shown in Fig. 2.1, contains a well defined plasma membrane,
cytoplasm, nucleus, endoplasmic reticulum and other sub cellular components, whereas
prokaryotic cells are devoid of nucleus.
Fig. 2.1: Schematic of a Prokaryotic (left) and Eukaryotic (right) cell [19]. Cells are
made up of many organelles, involving many bio-chemical reactions, making it
a very complex material to understand.
Some of the important components of a cell, and their functions are:
• Plasma membrane or cell membrane separates the interior of the cell from the ex-
ternal surroundings. It is made of lipid bilayer with embedded proteins. It is mainly
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responsible for selective permeability of ions and adhesion of cells to ECM. Cell
membrane-ECM bond occurs mainly through the focal adhesion proteins such as
integrin, and vinculin.
• Cytoplasm is inside the cell membrane. It is made up of gel like substance called
cytosol. In prokaryotes, all components of the cell are present within the cytosol,
whereas in eukaryotes, components within the nucleus are separated from the cyto-
plasm by a nuclear membrane. The gel like substance consists of protein filaments,
soluble proteins, and mainly water.
• Cytoskeleton forms the internal skeletal structure of cells. They provide structural
stability, helps in motility, cell division, contractility, and also in mutation. It is made
up of actin filaments, microtubules, and intermediate filaments. Actin filaments
formed by polymerisation of actin proteins form contractile bundles necessary for
movement. Microtubules are formed by the the proteins tubulin forming a cylindrical
tube that helps in the transport of proteins within the cell. It also helps in cell
division and motility. Intermediate filaments are made up of multiple proteins and
are found to play a major role in the integrity of the cell.
• Nucleus, present only in the eukaryotic cell is the control centre. It contains most
of the genetic material and provides instructions to other organelles based on the
stimuli received. Recent experiments [20, 21] show that nucleus also contributes to
the mechanics of the cell.
2.3. Cell physiology
Irrespective of the type of the cell, several activities take place within the cell to survive.
Some of the important processes that occur are membrane transport, cellular respiration,
DNA replication, cell division, protein synthesis, adhesion, and cell motility and contrac-
tility.
• Membrane transport : This occurs through the cell membrane, as it controls what
enters and exits the cell. The process can occur in two ways, passive transport and
active transport. In the passive transport, ions move from higher concentration to
lower concentration through diffusion while in the active transport, they move from
lower concentration to higher concentration in the presence of ATP molecule which
is a source of energy, that facilitates such movement.
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• Cell division : This process occurs either to reproduce, grow, maintain or repair the
cells. In eukaryotes, cell division can occur in two types, mitosis and meiosis, while in
prokaryotes, cell division occur through binary fission. Mitosis results in a daughter
cell that is genetically equivalent to the parent cell, meiosis is a reproductive cell
division in which the number of chromosomes in the daughter cell is reduced by half,
and binary fission is a type of asexual reproduction where the cell divides into two.
• Cell signalling : This process is one of the basic activities that govern the actions of
cell. Cells should be able to perceive signals from the micro environment in order
to function and respond to stimuli. Cell signalling can be classified into mechanical
and biochemical based on the type of stimuli. The process of signalling also exists
between cells, through the cell-cell contacts.
In addition to the above there are other physiological processes that occur in the cell
resulting in the movement of the cell. In this thesis, cell adhesion, and cell contractility
and motility are considered, and are described in detail in the following sections.
2.4. Cell motility and contractility
Motility is the term commonly used in biology for the motion generated by forces within
the body. In this regard, cell motility refers to the motion of cell due to forces generated
by the cytoskeleton. Cell motility, responsible for various processes such as wound healing
[22], inflammatory responses [23], and also involved in the spread of tumours [24], can
occur in two ways, swimming, and crawling [25]. For example, fibroblast cells on skin
crawl while sperm cells swim. Cell motility by crawling is understood to occur in three
stages [26]:
• Upon sensing the stimuli by integrins, actin filaments, in the presence of myosin
starts polymerising in the direction of the external signal. This leads to protrusion
of the leading edge of the cell membrane which behaves dynamically according to
the signal.
• Subsequently, adhesion molecules found on the cell membrane starts attaching itself
to the substrate, preventing the cell from retraction.
• As the cell attaches at the leading edge, it releases the attachment at the trailing
edge, mainly because of the contractile forces produced in the actin filaments. These
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contractile forces are then responsible for the movement of the cell in the direction
of protrusion of the leading edge.
It can be seen that during the process of cell motility, contractile forces are generated,
resulting in cell contraction. Cell contraction is one of the major reasons for the continuous
reorganisation of the cytoskeleton, which depends on the external force. Thus, in order to
understand the process of cell motility, it is necessary to understand cell contractility.
Actin filaments, present in cytoskeleton are responsible for cell shape and contractility
on the cellular scale [27]. They can be very well organised and stably structured as in
muscle cells or highly dynamic and constantly restructured as in non-muscle cells [28–
30]. They are connected to each other by α−actinin proteins to form actin bundles.
These bundles are cross linked by Myosin-II proteins forming stress fibres (SF). Thus,
the formation of stress fibres through actin-myosin cross bridge complex results in the
contractility of the cell.
Other parts of the cytoskeleton, microtublues and intermediate filaments also con-
tribute towards cell motility. But, in case of contraction dominated model of cell motility
occurring in the crawling cells, microtubules acts as an anchor and contributes passively
to the motility. Hence, in this study, only actin-myosin stress fibres are considered to
influence the active component and microtubules for the passive component.
Based on the sub-cellular locations, stress fibres are classified into three types; (1) ven-
tral stress fibres, (2) dorsal stress fibres and (3) transverse arcs, as shown in Fig. 2.2(left).
Ventral stress fibres, the most common stress fibres within a cell, originate and terminate
at cell membrane-ECM junctions. Dorsal stress fibres are attached to such junctions at
one end, while transverse arcs are found to disassemble near the nucleus of the cell.
Fig. 2.2: (left) types of stress fibre: ventral stress fibres (1), dorsal stress fibres (2) and
transverse arcs (3). The stress fibres are classified based on their location, their
chemical constituents remain the same; (right) cross-bridge between α-actinin,
F-actin, and myosin II.
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It is assumed that, due to structural similarities, transverse arcs contract like muscle
sarcomeres, while dorsal stress fibres do not behave like contractile structures. Ventral
stress fibres which are connected to the cell membrane at each ends were found to build
up tension along the structure, through the actin-myosin bond as shown in Fig. 2.2(right).
It has been found that even though the process of contraction of ventral stress fibres is
different from that of muscle sarcomeres, growth of tensile force was similar.
2.5. Focal adhesions
Ventral stress fibres, from now on referred to as stress fibres, extend along the length of
the cell and end on the cell membrane. The junctions where stress fibres connect to the
cell membrane are termed focal adhesions (FA) [31]. The FA junction consists of around
150 types of proteins [32], as shown in Fig. 2.3. Integrins are present at the bottom most
layer, forming a connection with the extra cellular matrix. In between the integrin and
actin cytoskeleton, FA proteins such as paxilin, vinculin are present, extending to a length
of 40nm [33].
Fig. 2.3: Focal adhesion proteins: Integrins form the connection with the ECM,
consisting of fibronectin. Different proteins such as paxilin, vinculin are found
in the area between integrins and actin stress fibres, resulting in transfer of
signals from ECM to cell, and vice-versa [34].
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Integrins are the mechanosensitive proteins present at the bottom layer of FAs that
perform the job of developing the required connection between an actin cytoskeleton and
the ECM [35]. Cells are found to decay if they are not adhered to the substrate. Thus, the
behaviour of FAs developing causes the difference between life and death of a cell [34]. The
growth of FAs is not an independent phenomenon. It is affected by the growth of stress
fibres and vice versa, making it highly dynamic in nature. The connection between stress
fibres and focal adhesion therefore becomes prominent in maintaining the equilibrium.
The schematic of a cell consisting of stress fibres within cytoplasm and focal adhesion
represented by focal adhesion is shown in Fig. 2.4.
Fig. 2.4: Stress fibres and focal adhesions: Stress fibres extend from one end of
the membrane to the other, and end at focal adhesions. Focal adhesion
develops the contact between cell membrane and substrate ligands.
FAs not only transfer the stresses generated in stress fibres to the ECM, but also probe
the properties of the substrate, the cell has attached to. When cells are attached to an
adhesive substrate, the bonds formed at FAs result in the activation of signalling cascade,
while on a non-adhesive substrate, cells degrade and die with time. Although the exact
nature of force sensing by FAs has not been understood yet, it has been generally observed
that by increasing the force acting on the cell, the adhesions are reinforced [34].
2.6. Mechanotransduction and feedback
Focal adhesions, due to the activity of mechanosensitive proteins, generate biochemical
signals within the cytoplasm. This process of conversion of external mechanical force into
biochemical signals, causing changes to the cytoskeleton, and developing internal forces is
termed mechanotransduction, as shown in Fig. 2.5. Though, the exact processes involved
in the conversion of mechanical force to biochemical signals are not perfectly understood,
stimuli sensed by integrins result in opening up of ion channels. This leads to changes in
the concentration of different chemicals in the cytoplasm, causing chemical reactions [36],
which develops forces within the cell, as shown in Fig. 2.5.
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Fig. 2.5: Transfer of external force (Fext)to cytoskeleton (Fcell) through
focal adhesions. Nucleus and other organelles are present in
cytoplasm.
The process of mechanotransduction is not a one-way activity. External stimuli causing
the bio-chemical reactions in the cytoplasm lead to changes in the mechanical equilibrium
of the cell, and thereby develop stress fibres. In order to maintain the equilibrium along
the cell membrane, stresses are transferred to the ECM through FAs. Growth of FA, which
is connected to the ECM, further acts as stimuli, leading to a reaction cycle, as shown
in Fig. 2.6. This constant interaction, a positive feedback, is necessary for the healthy
behaviour of a cell. Absence of a feedback loop leads to lack of contact between stress
fibres and focal adhesion, causing dissociation of focal adhesion proteins and thereby cells
get detached from the ECM resulting in cell death or apoptosis.
Fig. 2.6: Feedback loop present in cellular mechanotransduction.
Stimuli experienced by the cell from ECM is sent to the
cytoplasm through the focal adhesion. This leads to
signalling induced bio-chemical reactions forming contractile
stress fibres, further affecting focal adhesion concentration
and thereby completing the feedback loop.
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2.7. Computational modelling
As we understand, cells are the building blocks of living organisms. The mysteriously
complex processes performed by living bodies originate in cells. Hence, there is a need
for a specialized tool, which can delve deep, and be of help in understanding the mecha-
nisms behind cellular functioning. One of the tools present for such an understanding is
computational modelling. By computational modelling, it means to develop mathemat-
ical models describing the observed processes and solving the system of equations thus
generated, using computers. With the advent of better processing hardware and software
over the past few decades, very large and complex problems can be solved with relative
ease. Computational models, thereby, help in understanding the biology in many ways:
• They can be used as virtual experiments, where the system to be tested can be
changed by just changing the parameters. This would hence be equivalent to per-
forming a physical experiment on a different specimen.
• Various hypotheses can be tested in order to understand the processes involved in a
mechanism.
• Experiments can be designed, based on the results obtained from computations.
• They can also be used as post-processor for experimental observations.
• They can be used to perform studies by isolating sub-cellular structures.
In order to develop an efficient computational model, various assumptions have to be
made. Though, these assumptions usually make the system simplified or sometimes over-
simplified, it would be sufficient to simulate the physics governing the mechanisms. Models
can be built based on different concepts of physics, numerical algorithms, length or time
scales, or a combination of these. A set of such a combination might be highly efficient
for a particular problem, but might become inefficient for others. Some of the models use
multi-scale approach building stress fibres from individual proteins, while others model
whole cell in an average sense. Following the understanding of influence of mechanics
on cell behaviour, many mechanics based models have been developed assuming cell as a
viscous fluid, or as a deformable solid and sometimes as a porous material with solid-fluid
interfaces. Many numerical techniques of modelling such as discrete and continuum ap-
proaches using different numerical algorithms such as finite element method, finite volume
method and stochastic schemes have been followed for different problem cases.
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2.8. Literature review
Since the discovery of cell by Robert Hooke in 1665, there has been a tremendous amount
of research effort invested in understanding its internal composition and their functions.
Cells, being the fundamental units, are responsible for various behaviours of living beings.
Living cells consume energy, either to keep their motion or to change their shape and
structure by reorganising the internal cytoskeleton [37]. Furthermore, it has been found
that external mechanical forces contribute to the reorganisation of the internal cytoskeleton
and thereby control its behaviour [4, 16, 37, 38]. Mechanical loading experienced by cells
induces strengthening of bones [14], while forces are generated in muscles. For example,
heart muscles have to generate forces throughout the life span of an individual, while some
muscles such as those in arms or legs generate power only during certain activities, such
as movement or weight lifting [39].Thus, the influence of mechanical forces in maintaining
the behaviour of cells and tissues has made it necessary to understand the mechanisms
involved, helping in finding a cure for many deadly diseases.
It has been widely agreed that the stimuli induced biochemical reactions occurring
within the cytoplasm cause contractility of actin filaments, generating necessary tensile
force, thereby regulating the shape and structure of the cell [27]. Due to the developed
tension within cytoskeleton, long and straight bundles of microfilaments appear, which
crosses the length of the cell, and end on the cell membrane, termed stress fibres. It
was found that stress fibres were the contractile structures responsible for maintaining the
tensile force within the cytoskeleton [40]. Many detailed studies were performed to observe
the structure of stress fibres in order to understand how forces developed within them. It
was observed that, actin filaments present in the cytoplasm bundled in the presence of
non-muscle myosin and were held together by the actin cross linking protein α−actinin
[41, 42]. Contractility of such stress fibres was modelled to be similar to that of muscle
sarcomeres [43, 44]. In a sarcomeric model of stress fibre contraction, it was assumed
that the arrays of myosin would slide between the arrays of actin filaments, resulting in
contraction, as shown in Fig. 2.7(a).
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Fig. 2.7: Actin structures are held together by α-actinin and cross linked by myosin.
(a)Sarcomeres: During contraction, myosin slides between the filaments.
(b)Stress fibres : α-actinin acts as a blockade for the movement of myosin,
requiring the rapid dissociation and association of α-actinin for contractility.
But, the polarity analysis, where the analysis of shape of terminals present in actin fila-
ments is performed, showed that this model of contraction was not possible in stress fibres
[42]. In addition, it was also found that, in stress fibres, α−actinin acted as a blockade for
the movement of myosin filaments, as shown in Fig. 2.7(b). Thus, the mechanism allowing
stress fibres to contract would involve rapid dissociation and re-association of α−actinin
to actin filaments [45]. It was also observed that the stress fibre contractility was mainly
due to the increasing myosin contractility rather than increased actin polymerisation [46].
It was found that the forces developed in stress fibres due to contractility affected not only
the physical behaviour but also the cellular signalling and gene expression. In addition, it
was observed that, blocking such cell-generated forces would affect proliferation, differen-
tiation, and other basic cellular functions [47] and that the changes occurring in the cell
due to changing stiffness of the extracellular matrix is similar to that obtained by directly
changing cell contractility [48, 49]. Hence, the contractility of stress fibres, leading to the
growth of tensile force, plays a major role in mechanotransduction.
As another part of mechanotransduction, cells have the ability to sense the properties
of ECM. There are a variety of mechanisms developed to understand how cells sense its
surroundings, and respond to them [50]. One of the very prominent sub-cellular site for
sensing mechanical properties and forces are focal adhesions (FA). The FAs attach the
region of the cell to the substrate while needed, and detach while not necessary [26, 51].
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Integrins, the mechanosensitive proteins present at the bottom most layer of FAs act as
sensors by responding to cues from the ECM, along with other kinases, phosphatases, and
adaptor proteins. Integrins are found to exist in two states: a high affinity state where
they can form a bond with the substrate, and a low affinity state where they cannot form
a bond [52], as shown in Fig. 2.8.
Fig. 2.8: High and low affinity integrins. High affinity integrins can form a connection
between the cell and the substrate, while low affinity integrins cannot bind to
the substrate. cf[53].
In this regard, when an external force is applied to the cell, the high affinity integrins
in contact with the ECM, sense the force and transfers it to the cytoskeleton. Simulta-
neously, when a region of the cell releases contact with the ECM, high affinity integrins
are converted to low affinity ones. At FAs, multiple protein-protein interactions occur,
allowing the cells to sense various types of signals leading to a complex behaviour [54].
Amongst several plaque proteins present at FAs, integrins, vinculin, talin, paxilin, and
tyrosine phosphorylated proteins are highly characteristic [31]. It has been found that,
by using magnetic tweezers and a twisting device, mechanical deformation of one of the
FA proteins leads to global cytoskeletal rearrangement [36]. Thus, FAs, either by sensing
the properties of the ECM or the external force, alter the properties of the cytoskeleton
by forming stress fibres through actin-myosin bonds, which creates a positive feedback
loop by affecting FAs in response. In addition to FAs and actin-stress fibres, recently it
has been discovered that even nucleus plays a role in mechanotransduction through LINC
complex, which is involved in chemical signal transduction pathways [20, 55].
In order to observe the intricate processes occurring in the cell, and to understand the
involved mechanisms, there have been several types of experiments designed. Because the
time and length scales of the bio-chemical reactions and biological structures, respectively,
might be different, a single experimental device or technique is unable to observe all the
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desired behaviours. Some of the experimental methodologies measure collective properties
of a group of cells, while some are able to track individual cells. One of the classifications
of experimental techniques is based on the applied force: force-application techniques,
where force is applied onto a cell and the mechanical response is recorded, and force-
sensing techniques, where cells are seeded onto deformable structures and traction forces
are measured [56]. Another classification can be made based on the area of deformation
of the cell under study: mechanical loading of an entire cell, deformation of a portion of
the cell, and mechanical stretching of a population of cells [38, 57]. Some of the popular
experimental techniques used to measure the mechanical properties of cells are:
• Micropipette aspiration : This technique is used to study the whole-cell mechanics
where the cell solution is pulled into a glass pipette by the application of a negative
pressure. Based on the amount of cellular material that has entered the pipette, its
material properties can be estimated, in case of red blood cells [58] or leukocytes
[59].
• Atomic Force Microscopy : This technique is used to study the mechanical properties
of the cell by deforming a portion of the cell surface. A sharp cantilever is used to
apply a pre-fixed force and the deformation is measured. It has been widely used in
measuring the properties of cell, focal adhesion, and cytoskeleton [60–62].
• Substrate strain : This technique is used to measure the mechanical properties
of cells based on their collective response. Cells are cultured on top of an elastic
membrane, which is subjected to strain. The cellular deformation is measured and
the properties are evaluated. It has been used to study actin reorganisation [8], and
cell motility [63].
• Traction Force Microscopy : This technique is used to measure the traction force
exerted by the cell in a quantitative manner. Cells are seeded on a substrate along
with the beads. Based on the deformation of beads, traction forces can be evaluated.
It has been used to measure forces at focal adhesions [64], and to determine the
effect of cell shape on the exerted traction [65]. With advancements in fabrication
and optical technologies, over the past few decades, there has been a priority on
experiments that can quantify mechanotransduction, by observing the response of
cells to different topographies. The process involves fabricating patterned substrates
or micropillars upon which cells are seeded. In case of substrates with micropillars,
the pillars behave like a cantilever beam, which undergo deflection due to the traction
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force exerted by the cells. Knowing the material properties of the pillars, the force
exerted by cells can be evaluated. This method has been successfully used to measure
contractile forces and to study the role of cell spreading [66], and also used to study
the force generated by focal adhesion growth [67]. The response of cells are found
to depend on the nanotopography of the substrate as well [68].
In addition to understanding the contractile nature of stress fibres, there have been a
few experiments to understand how focal adhesions grow and form a bond with the sub-
strate. Studies have dealt with, how shape of the cell dictates the growth of focal adhesion
[69], and how an external force can control the focal adhesion growth [70]. Experiments
have been performed on different types of cells which have exhibited similar behaviour but
with different time scales [8, 71, 72].
Experiments are being performed to understand the response of cells to applied ex-
ternal mechanical loads. Specifically, these experiments are designed to understand the
interaction between the cell and the substrate, and how different types of load affects stress
fibre and focal adhesion growths. Cells are seeded on a biocompatible elastic substrate,
usually polydimethylsiloxane (PDMS), upon which cells develop focal adhesions, and bind
to the substrate. Through FAs, cells can sense the stiffness and the loading applied to
the PDMS substrate. Cells, thus experiencing the loading, respond by reorienting the
actin bundles in such a way that it reaches an optimum condition where either the strain
it experiences is the least [8], or the stress it experiences is the least [73], or the passive
stored elastic energy is minimum [74]. It was found that such a reorientation was highly
dynamic, and strongly depended on the geometry of the substrate [75]. It was also ob-
served that when cells were placed on a soft substrate, the reorientation was not as high as
the one observed when placed on a stiffer substrate, exhibiting the influence of substrate
stiffness on the cell behaviour [8, 76]. When a static loading was applied, the orientation
of stress fibres was found to be parallel to the direction of loading [77], while, when the
cells were subjected to a uniaxial cyclic loading, they reoriented in a direction away from
the direction of loading, exhibiting strain avoidance [78, 79]. The degree of reorientation
was found to correlate with the amplitude and frequency of the cyclic loading [7, 8]. An
interesting observation was made where the reorientation was also found to depend on
the shape of the waveform being applied [7]. A contrasting behaviour was observed when
cells were cultured in a 3D matrix or a gel, where even when a uniaxial cyclic loading was
applied, cells were found to orient along the direction of loading [80].
In order to bolster the experimental observations by numerical modelling of cellular
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mechanotransduction, two approaches have been generally followed: to go up the scale by
modelling the sub-cellular components and its influence on each other, or by modelling the
behaviour of whole-cell itself. As reviewed in [34], mechanotransduction process involves
different mechanisms with varying time scales. Over the years, it has been observed that
by varying the experimental conditions, the time taken by the cell to detect changes in
the surroundings and respond changes. There is no strong consensus on the distance over
which the signal from the cell propagates, and hence the exact nature of the response of the
cell under an external stimulus is still unclear. Some experiments suggest that the forces
developed during the actin-myosin bond formation is influenced by the stiffness of the
substrate and involves individual proteins present at the FAs. In such cases, the proteins
can probe the mechanical properties of the substrate in sub micrometer range only [81, 82].
But other experiments and theories suggest that the mechanosensitive channels coupled
to the FAs can induce faster response to the mechanical properties, but at a length scale
larger than that involved in the protein theory [83, 84]. There are other theories backed by
experiments which strongly suggest that, sensing substrate mechanical properties by the
cell is a global mechanism and hence involves a length scale of magnitude comparable to the
length of the cell, rather than a local mechanism just at the FAs [85]. These mechanisms
also suggest that the stress fibres may act as a force sensor which has a time scale of
minutes, during which it can transfer the stresses to the FAs. Thus, different experiments
leading to different results about the time and length scales have led to building up of
different numerical models, which can be classified into 3 types [34].
1. Molecular models: In such models, individual ligand-receptor bonds are considered.
Based on its response to external stimuli, the cellular behaviour is predicted [86, 87].
2. Condensation models: Here, the clustering of proteins at FA site is modelled, and
hence it can explain the stress transfer between the ECM and the cellular proteins
at FA [88, 89].
3. Cellular scale models: In these models, stress fibre formation within the cell and the
stress transfer between the cell and the ECM at FAs are modelled [12, 53, 90].
There have been different approaches followed to model the cytoskeletal network in
the stationary cells. Cell contractility was modelled by assuming cell as an elastic medium
[91], as a discrete set of elastic filaments [92], as a interlinked structure of passive filaments
[93, 94], but all these models neglected biochemistry of its formation. Since FAs play an
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important role in mechanotransduction, several models have been developed to simulate
FA growth only. One of the assumptions made in developing numerical models for FA
was that, in the absence of forces, the ligands, which are the signal transmitting proteins,
are attached to the adhesion site by the attractive force between the ligands and the
corresponding receptors [95]. This model suggests that, by stretching the ligand bonds,
the stored elastic energy also increases resulting in the distortion of FA. Some of the
classical models that have been developed for modelling FA includes the rate reaction
theory [96], cohesive zone approach [97], and considering the role of binder mobility in the
developments of adhesive contacts [98]. Some of the models were built on mechanical and
thermodynamic aspects of the FA growth without considering the influence of external
forces on bio-chemical signalling [52, 88, 99], while the positive feedback present between
cell contractility and FA growth has been modelled using kinetic equations [100]. Recently,
models have been suggested with catch-bond mechanism for FA bonds, providing a multi-
scale approach to cell contractility [101, 102]. In addition to the FA, force generation
in stress fibres through cell contractility has been modelled as well. It was observed
that force generation in stress fibres was similar to muscle sarcomeres, whose contractility
behaviour have been investigated in detail [103, 104]. But, stress fibres being more dynamic
and disordered compared to muscle sarcomeres, theories have been developed to predict
different dynamical states of the stress fibres [105, 106]. The discrete model of tensegrity
[107, 108], and the cellular solid model [94] were developed to model the tensile nature
of the cytoskeleton, while [90] considers non-equilibrium thermodynamics for modelling
the cytoskeletal force generation. Some models have even been developed specifically
to validate against a particular type of experiment, such as AFM indentation, optical
tweezers, and micropipette aspiration [109–111]. Recently, many continuum level models
have been developed to explain stress fibre contractility [11, 112–115]. In addition, there
are a few models which couples the focal adhesion growth with stress fibre contractility
[53, 116], while a few even include the feedback loop for the calcium signalling which
dictates the stress fibre growth [12, 117]. The continuum models [10, 12] have shown
the phenomenon of stress fibre reorientation due to uniaxial cyclic loading applied to the
attached substrate. Some of the models have also shown the influence of geometry of
the substrate on cellular behaviour [118]. Statistical mechanics based models have been
developed, which can simulate the contrasting behaviour of stress fibre growth in 2D and
3D environments [114]. Some of the models consider cell as a fluid [119], while some
consider it as a solid body [12, 53], and some assume cells to be a porous material with
fluid-structure interactions [10, 113]. Research is also being performed on modelling the
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FA-ECM bond, which controls the behaviour of cells [87, 120, 121]. Some models have
been developed to consider the effect of nucleus on mechanotransduction, including the
interaction between cytoskeleton, and nucleus [21, 122].
Even though most of the continuum or discrete models developed to simulate SF
coupled with FA growth involves a set of differential equations, little effort has been
made on studying the solution schemes. Most of the current models use commercial
finite element packages to solve the involved coupled differential equations. Since the
models involve coupling different sub-cellular structures, the overall model becomes either
a multi-physics or a multi-scale problem. In this regard, it is very important to have an
understanding of how the solver treats the coupled system, and which algorithm is followed
in solving it. In the field of fluid-structure interaction, a number of well documented
research exists that addresses carefully the numerical aspects [123, 124] of the multi-
physics problem, including biomedical applications [125, 126]. But, in the field of cell
mechanics, there has been a little effort in understanding the numerical aspects in order to
develop a robust numerical scheme that can provide accurate and reliable solutions. Thus,
equations leading to a multi-physics problem can be coupled following either a staggered
or a monolithic approach. In this regard, the model [12] has been solved following a
monolithic coupling, while [53] has been solved following a staggered approach. A detailed
comparison of monolithic and staggered approaches for the problem of stress fibre-focal
adhesion growth has been carried out in [13].
3. Cyclic loading experiments on cells
Due to the complexity of cell physiology, mechanotransduction experiments rely on devel-
oping in vitro techniques with in vivo type stimuli in order to understand the nature of the
response of cells. One of the fundamental studies in understanding the cellular response is
to investigate the dynamics of mechanotransduction by the application of dynamic load.
Thus, in vitro cell stretching assays, where the cyclic load can be applied to a membrane
upon which the cells are cultured, form an important class of experimental device. The
underlying principle is that cells experience the applied mechanical loading and respond
based on its magnitude and direction. In this chapter, a DIY design of a device that can
apply the uniaxial cyclic load to cells, cell stretcher, is developed. Using the additive man-
ufacturing process to manufacture the device makes it highly cost effective. Experiments
are performed on fibroblast and osteoblast cell types and the results are quantified using
statistical measures.
3.1. Mechanical stimuli to cells in vitro
The concept of in vitro mechanical stimulation to study cell behaviour has been used for
many decades [17]. Traditionally, micropipette, atomic force microscope, and tweezers
have been used to study the cellular response to mechanical stimuli, and thereby evaluate
the mechanical properties of cells. Various loading systems were designed to apply the
preferred mechanical stimuli; compressive loading systems, longitudinal stretch systems,
substrate bending systems, and fluid shear systems [127]. In addition, devices have also
been built specifically to stretch the cells cyclically. Many custom-made devices have been
developed over the years, following different actuation technologies, reviewed in [128].
Pneumatic actuators are widely being used to stretch the membrane upon which the cells
are cultured. This method demonstrates to be the most sterile way of stretching because
of the lack of direct mechanical contact with cells and other parts of the device [129],
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which has been used even for 3D stress fibre remodelling experiments [130]. Another
popular actuation technique is the electromagnetic actuator, where an electromagnet is
used to control the displacement of the membrane [131, 132]. Servo and stepper motors
are also used for uniaxial [133, 134] and biaxial loadings [18, 135], which happens to be
the most popular method for reorientation experiments [7, 136]. Recently, commercial
systems are available, using similar actuation methods, that promise to be adaptable
for a variety of loading conditions, and boast well characterised strain profiles (FlexCell,
Strex Inc., AS One International Inc.). With improvements in laser technology, optical
actuators are being used to apply force directly on cells [137, 138]. Microelectromechanical
systems(MEMS) have been developed for this purpose as well [139, 140]. Thus, overall,
the cell stretchers have served as a mini gymnasium, wherein different types of loading
could be applied on cells, and has served to be very useful in understanding the nature of
their responses.
Even though the commercially available cell stretching devices can apply a variety of
loading signals, the main drawback is that these devices are expensive. These devices are
usually designed for specific microscopes in order to have the live imaging capability, and
additional accessories are required to suit any other microscopes. Most of the custom-
made devices act as a good alternative, but require a sufficiently large incubator space to
place the device while it is running, as seen in [141], or require a custom made incubator
[7]. Hence, there was a need to develop a device, which is compact and is capable of
applying different cyclic loadings while maintaining a sufficient level of accuracy. In this
regard, a very compact cell stretcher has been designed and manufactured using the 3D
printing technology. The solution that has been presented is very easy to manufacture
and highly cost effective.
3.2. Cell Stretcher : Design
The design of the cell stretcher had to satisfy the following constraints:
• Compact : The device had to be designed to be able to fit into the onstage incubator
of the microscope system in the lab.
• Accurate : The device should allow for the precise evaluation of the strain due to
the applied displacement.
• Assembly : The device should be easy to assemble.
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• Imaging : The device should allow for the live imaging of cells.
• Loading : The device should be capable of applying a variety of loading patterns.
• Adaptability : The design of the device should be capable of being easily adaptable
to any microscope system.
Most of the modern microscope systems come with an onstage incubator. Usually
these incubators are small with a surface area of 100 − 200cm2 and a depth of 3 − 5cm.
Hence, by designing the cell stretcher to fit into such incubators, it would be possible to
run the experiment under the microscope with the live imaging capability. The onstage
incubator supporting the EVOS microscope system (Thermo Fisher), present in the lab,
has a vessel holder with a dimension of 128mm X 86mm, which is the standard size for
a 96-well plate. The cell stretcher was hence designed with these dimensions resulting in
its fitting to any standard fluorescence microscopic system. In addition, the device also
has constraints due to: 1) the limited working distance of the lens, and 2) the depth of
the incubator chamber. Hence, care was taken to limit the height of the device to 5cm
and the membrane upon which the cells were cultured to be placed within 5mm from the
base of the cell stretcher. The base plate of the cell stretcher designed satisfying these
constraints is shown in Fig. 3.1.
Fig. 3.1: CAD design of the base plate of the cell stretcher. It has a
dimension of 128mm X 86mm, matching the size of a 96-well
plate, in order to fit it in the incubator vessel holder.
The next step was to attach a mechanism for applying the cyclic stretch. In order to
avoid the sinusoidal motion produced by the slider-crank [142], a simple nut-bolt combi-
nation was used. Since the pitch of the bolt is fixed, each rotation would hence displace
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the nut by the same amount as that of the pitch, making the device calibration process
very simple. The rotation of the bolts was controlled using stepper motors regulated by
Arduino Uno (Arduino). A micro metal geared stepper motor (12V, 0.6kgcm, PiHut) was
chosen because of its small size and precise rotation control. The elastic membrane upon
which the cells were cultured was fixed at one end while moveable at the other. The part
which holds the moveable end of the membrane, has protrusions which fit into the grooves
designed in the base plate of the cell stretcher, as shown in Fig. 3.2.
Fig. 3.2: CAD model of the membrane holder. It has extrusions to constrain
the motion of the membrane. Pillars make the clamping and removal
of the membrane easy and safe.
These grooves present in the base plate guide the motion of the membrane and keep
it straight. In order to improve the accuracy of the stretcher, and prevent the out of
plane movement of the membrane holder, steel rods were used as guides. The CAD model
of the complete assembly is shown in Fig. 3.3, and the working1 of the manufactured
cell stretcher is shown in Fig. 3.4. The stl files of the design can be found at https:
//www.thingiverse.com/thing:3343050.
Assembly of the experimental setup before performing the experiments is very easy as
well. The elastic membrane has to be fixed between the clamps, and steel rods are to be
placed in their respective positions and screwed up. The assembly can then be placed in
the onstage incubator and the motors can be switched on. With the help of an Arduino
sketch, any loading can be applied, within the working range of the motor.
1Animation is played only in the electronic copy, and viewed with Adobe Acrobat Reader.
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Fig. 3.3: Complete Assembly of the cell stretcher.
Motors are connected to the coupler which
in turn is attached to the screw.
Fig. 3.4: Working of additively manufactured Cell stretcher.
Polycarbonate is black in colour and PLA is red in colour.
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3.3. Cell Stretcher : Manufacturing and calibration
The design of the cell stretcher explained in Sec. 3.2 was additively manufactured using
the 3D printing technology. 3D printing is a cheaper and quicker alternative to testing
the design, and manufacturing prototypes and functional parts. The printer used for this
purpose was the Ultimaker 3 (Ultimaker), which is a fused deposition modelling (FDM)
type printer. In this method of printing, a material, usually a type of plastic, is melted and
deposited on a hot bed plate. To begin with, the CAD design is sliced into layers using
a slicing software, Cura (Ultimaker), which outputs the coordinates where the molten
material is to be extruded. Based on the settings that could be set in the software,
such as temperature of the nozzle and the bed plate; percentage of infill, layer thickness,
the quality of the print can be controlled. Materials used in the manufacture of the cell
stretcher are polycarbonate (PC), and polylactic acid (PLA), properties of which are given
in Appendix.
Calibration of the cell stretcher had to be performed in order to quantify the strain
being applied to the cells attached to the elastic membrane. In order to measure the
strain in the elastic membrane, a technique termed Digital Image Correlation (DIC) was
followed. In this technique, the structure to be analysed is sprayed with a paint creating
speckle pattern, to be used as a reference for measurement. In this regard, the membrane
was sprayed with a black paint as shown in Fig. 3.5.
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Fig. 3.5: Reference image of the membrane, sprayed with black paint for DIC.
The speckle pattern plays a very prominent role in DIC. Size of the
image is 11.2mmX5.9mm.
The stretcher is then connected to the Arduino and a required signal is supplied.
A series of images, with a time interval of 1s between each image, was taken during
the deformation of the membrane that could be correlated to the reference image and
displacements, and strains can thus be measured. A digital camera (40mm WD, 1X,
Edmund Optics) was used to image the membrane being stretched. A commercial package,
GOM-Correlate (GOM) was used for the evaluation of displacements and strains. The
images were fed into the software which measured the movement of particles in order to
evaluate strains and displacements. Since, only the cells present at the central region of
the well was chosen for the analysis, strain was measured in this region only. Strain (εxx)
evaluated from DIC due to a 7.5mm stretch, as shown in Fig. 3.6 can be compared with
the strain obtained by a linear analysis in the FE based analysis package Abaqus FEA
(Abaqus.Inc), as shown in Fig. 3.7, both yielding a strain of 20%. A similar analysis
performed for a 2.5mm stretch yielded 7% strain in the central region where cells were
cultured. The thickness of the membrane fabricated, measured by focussing the microscope
at the bottom and top layers, and evaluating the difference in their positions, was found
to be 493.8(25.8)µm, and the Poisson’s ratio evaluated as the ratio of εyy to εxx obtained
from DIC was found to be 0.28.
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Fig. 3.6: Strain distribution in the elastic membrane, obtained by DIC
due to a 7.5mm stretch. The strain is plotted in the deformed
image. It can be observed that strain is almost uniform in the
central region of the membrane. Size of the image is
11.2mmX5.9mm. Values are expressed in percentage (%).
(Avg: 75%)
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Fig. 3.7: Strain distribution in the elastic membrane, obtained by
Abaqus analysis due to a 7.5mm stretch. The strain in
the central region of the membrane can be compared
with the strain obtained by DIC. Dimensions of the
elastic membrane is 60mmX37mm.
Thus, strain in the membrane due to applied displacement could be characterised
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through DIC, which was validated by FE simulation as well. Strain appears to be uniform
in the central region of PDMS, and hence cells cultured in this area experience same strain
and therefore any cell in this area can be used for analyses.
3.4. Membrane preparation and cell culture
The elastic membrane used in the cell stretching experiments was the membrane made
up of polydimethylsiloxane (PDMS). It is a silicon based organic polymer which is highly
biocompatible with well characterised chemical and mechanical properties. It is an elastic
material, which is found to be very useful in a variety of applications such as membranes
for sensors, and biomedical studies. Various studies have been performed to quantify the
mechanical properties of PDMS [143]. It is prepared by mixing the PDMS liquid and cross
linking agent (Sylgard 184) in the ratio 10:1 by weight. A mould, as shown in Fig. 3.8,
was 3D printed with PC material, on which the PDMS-cross linking agent mixture was
poured and kept in the oven at 60◦C for 8 hours. Supply of constant heat leads to PDMS
being cross linked and forms an elastomer, as shown in Fig. 3.9. Due to the square shape
extrusion in the central region of the mould, Fig. 3.8, a well was created in the PDMS
membrane, Fig. 3.9, which can hold 1mL of cell media. This prevents the media spill
during the cell stretching experiments.
3. Cyclic loading experiments on cells 32
Fig. 3.8: CAD model of the mould used for fabrication of PDMS.
It is 3D printed with PC, since it is stable even at very
high temperatures. Central region has a square shaped
extrusion, in order to create well in the PDMS.
Fig. 3.9: PDMS fabricated by keeping it in oven for
8hrs at 60◦C. Cells are cultured in the
central well region, indicated by red colour.
PDMS by nature is hydrophobic, which is not a preferable environment for the cells
to adhere and grow [144, 145] . Hence, surface treatment of PDMS has to be performed
to make it hydrophilic, helping the cells to attach. In this regard, corona treatment of
the PDMS surface was carried out, wherein a high frequency electric discharge changed
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its surface chemistry [146, 147]. The energy of the corona breaks the molecular bonds,
and recombine with free radicals to form polar groups on the surface. These polar groups
have increased surface energy in addition to a strong chemical affinity, improving adhesion
of cells to the surface [148]. It has also been observed that, PDMS forms a nano glass-
like layer on the surface due to corona degradation but cracked over time due to rubber
nature of PDMS [149]. Contact angle measurements of water drops on the PDMS surface
showed that corona treatment resulted in water drops to spread on the surface, which
otherwise had high contact angles [147]. But, this hydrophilic character was found to be
lost within hours. This process of loss of hydrophilic character of the PDMS surface is
termed hydrophobic recovery, and the diffusion of uncured low molecular weight species
particles (LMW) from the bulk to the surface is considered to be one of the prominent
mechanisms causing this phenomena, Fig. 3.10 [146] .
Fig. 3.10: Hydrophobic recovery is caused by uncured
LMW species diffusing through the cracks
to the surface of the PDMS [146].
One of the solutions for this problem is called thermal ageing, wherein the PDMS was
de-moulded after 8 hours and placed back in the oven for another 48 hours, in order to
cure all the LMW species [146]. Corona treatment following thermal ageing would then
convert the character of the PDMS surface to hydrophilic, permanently. Then, the PDMS
was UV sterilized for 20 minutes, and bovine calf serum (BCS) was added, resulting in
protein adsorption on the surface of the PDMS, helping in cell adhesion. It was then
incubated at 37◦C overnight before seeding the cells.
Cell types chosen for the experiments are the NIH3T3 fibroblasts, and MC3T3 os-
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teoblasts. Fibroblasts and osteoblasts were initially grown in a flask in Dulbecco’s Modi-
fied Eagle’s Medium (DMEM) with 10% BCS, and 1% penicillin streptomycin (p/s) and
Minimum Essential Medium Eagle - alpha (MEM-alpha) with 10% fetal bovine serum
(FBS), and 1% p/s, respectively. Once cells reached the required confluence, they were
seeded onto the PDMS at a density of 4000 cells/cm2. The PDMS was then incubated
again at 37◦C, 5% CO2, and 80% humidity overnight to allow cells to adhere to the sur-
face, before placing it on the cell stretcher for experiments. In order to label the nucleus,
NucBlue Live ReadyProbes Reagent (Thermofisher) was used, and imaged using fluores-
cence microscopy at 360nm excitation and 460nm emission (DAPI channel). After the
cyclic stretching, cells were fixed for 10 minutes using 4% Paraformaldehyde and stained
for Actin using Alexa Fluor 488 Phalloidin (1:200 in PBS), to be imaged using fluorescence
microscopy at 490nm excitation and 525nm emission (GFP channel).
3.5. Seeding density
Because the cyclic loading was applied to the elastic membrane, it is necessary for the
cells to be well adhered to the substrate. It was observed that irrespective of the type of
cell chosen, right seeding density had to be maintained in order to obtain proper adhesion
of cells to the substrate. Cells with a seeding density of 10000 cells/cm2 resulted in a
high confluency when incubated for 48 hours. They were found to be well adhered to the
surface as well as to its neighbouring cells, as shown in Fig. 3.11. Cyclic loading of such
a group of cells that were attached to each other resulted in re-alignment without any
detachment from the substrate, but their response could not be analysed as individual
cells. Alternatively, when cells were incubated just overnight in order have less confluency,
they were found to detach from the substrate when subjected to cyclic stretching.
In order to avoid the formation of sheet of cells, which was found to be formed as a result
of cyclic stretching highly confluent cells, seeding density was reduced to 4000 cells/cm2,
and incubated overnight. This resulted in individual cells that were well adhered to the
PDMS substrate, without being attached to its neighbouring cells, as shown in Fig. 3.12.
In order to stain the nucleus, 30 minutes before the start of the experiment, NucBlue drops
were added to the media, and incubated. After clamping the PDMS membrane onto the
cell stretcher and setting up the guides, it was placed in the EVOS onstage incubator.
Membrane was slightly stretched in order to remove any wrinkles that might have formed.
Phase contrast and fluorescence images were taken through the PDMS membrane, which
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provided a reference configuration to compare the cells after the deformation.
(A) (B)
Fig. 3.11: Representative merged image of nucleus, indicated by blue stain and cell, by
phase contrast image of (a) Fibroblast cells and (b) Osteoblast cells seeded
with a seeding density of 10000 cells/cm2. It can be seen that cells are
attached to each other even before they are subjected to cyclic stretching.
Scale bar = 25µm
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(a) (b)
Fig. 3.12: Representative merged image of nucleus, indicated by blue stain and cell, by
phase contrast image of (a) Fibroblast cells and (b) Osteoblast cells seeded
with a seeding density of 4000 cells/cm2. It can be seen that the chosen
seeding density allows cells to be individual, while adhered to the membrane.
Scale bar = 25µm.
Soon after imaging, Arduino was powered on, which supplied the necessary current to
run the stepper motors following the sketch written in Arduino IDE. The incubator within
which the cell stretcher was placed, provided a benign ambience for the cells to survive,
while experiencing the cyclic stimuli. Based on several experimental observations on the
duration of stretching, it was found that stress fibres had reached a steady state after 6
hours for fibroblast cells, and 8 hours for osteoblast cells, and hence all the cyclic loading
experiments presented in this chapter are performed for 6 hours, and 8 hours for fibroblast,
and osteoblast cell types respectively. During the experiment, the media was constantly
monitored, and fresh media was added if need be. Once the experiment was completed,
cells were imaged again through the PDMS membrane, followed by fixing the cells and
staining for actin. The cells were then imaged using fluorescence microscopy, to observe
the properties of actin. Representative images showing fixed cells in their reference state
is shown in Fig. 3.13. It can be observed that cells are not clumped and hence, single
cells could be considered for analysis. The response of such single cells would be due to
cell-matrix adhesion rather than cell-cell interactions.
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(A) (B)
Fig. 3.13: Representative images of cells in their reference state, fixed and
stained for actin (green), and nucleus (blue) of (A) Fibroblast and
(B) Osteoblast cells. Scale bar = 50µm
Preliminary objectives of the experiments were to observe the response of cells due to
in vitro cyclic loading stimuli, using the cell stretcher that was custom built through the
additive manufacturing process. The results from the experiments were to be used for
validating the numerical model developed for simulating such behaviours. As discussed in
Sec. 2.8, it has been observed in literature that cells reorient away from the direction of
loading due to uniaxial cyclic stretch, which is found to depend on the cyclic loading pa-
rameters as well. In this regard, two loading cases were considered to study their effects on
fibroblast and osteoblast cells. Fibroblasts are found to be dispersed in connective tissues
throughout the body. They perform the function of healing the injury by migrating to the
wound and producing a large amount of collagenous matrix, which helps to isolate and
repair the damaged tissues [27]. Fibroblasts are one of the easiest type of cells to culture
in the laboratory, providing a robust cell type for the in vitro experiments. Osteoblasts
are bone cells, responsible for the growth of a new bone. They secrete bone matrix, which
is deposited over the existing matrix that is rapidly combined with calcium phosphate
crystals forming a new layer of bone [27]. Both these cell types experience cyclic mechan-
ical stimuli through out their life spans, resulting in physiological significance of cyclic in
vitro mechanical stimuli studies of these cell types. Orientation analysis of stress fibres
was performed using the OrientationJ plugin [150] in Fiji, an image processing software
[151], a distribution of ImageJ [152].
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3.6. Cyclic uniaxial stretch
Pre determined cyclic stretch was applied to the membrane, which is transferred to the
cells through focal adhesions that develop the contact between the cell and the substrate.
The parameters of the applied loading cycles are given in Table. 3.1.
Case Stretch(mm) ε(%) f(mHz)
OL, FL 2.5 7 7.9
OH, FH 7.5 20 7.9
Table 3.1: Parameters for cyclic loading. OL and OH cases indicate
osteoblast cells subjected to low and high amplitude loads,
while FL and FH indicate fibroblast cells subjected to low
and high amplitude loads.
The experiments performed on osteoblast cells are indicated by OL, and OH, repre-
senting the stretch applied on osteoblast cells with low amplitude and high amplitude
respectively. Similarly, experiments performed on fibroblast cells are indicated by FL
and FH, representing the stretch applied on fibroblast cells with low and high amplitudes
respectively, as given in Table. 3.1. OL and FL experienced 7% strain while OH and
FH experienced 20% strain. As given in Table 3.1, the amplitude is varied keeping the
frequency constant. The results of cyclic loading experiments were analysed through sta-
tistical measures. As explained in [153], in order to handle large sample sizes, suitable
circular statistical tests have to be adopted. In this regard, as observed in [7], circular
variance has been found to be a good measure to quantify the orientation of stress fi-
bres. Following [153], if a unit circle is subdivided into k arcs of equal length such that
φi (i = 1, 2, ..., k) represents the angle of the midpoint of the ith arc, the rectangular
components of the unit vector corresponding to φi can be written as
xi = cosφi, yi = sinφi. (3.1)
In order to deal with stress fibre orientation, which is a set of diametrically bimodal circular
data, angles are doubled, resulting in
xi = cos2φi, yi = sin2φi. (3.2)
If ni is the sample frequency measured in each of the k arcs, the mean of the rectangular
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components can then be evaluated as
x¯ =
1
n
k∑
i
ni cos2φi, y¯ =
1
n
k∑
i
ni sin2φi (3.3)
where, n represents the sample size, evaluated as
n =
k∑
i
ni. (3.4)
Circular variance can then be defined as
CV = 1−
√
x¯2 + y¯2. (3.5)
Value of CV is 1 if the distribution is uniform and 0 if it is oriented about a particular
angle. Experiments were performed on cells seeded with 4000 cells/cm2 seeding density.
Cells fixed at the end of the loading cycles were imaged using the EVOS microscope with
40x objective(Olympus). 100 individual cells were chosen, and the orientation results
γi(φ) were obtained using a macro written in ImageJ which uses the OrientationJ plugin,
where γ indicates the amount of stress fibres in cell i at an angle φ. It evaluates angular
distribution of stress fibres from −pi/2 to pi/2 with a step of 0.5 degree. The results were
then averaged by normalising the value for each cell (γ¯(φ)), which could then be presented
as bar, and circular histograms
γ¯(φ) =
1
N
N∑
i
γi(φ)
max(γi(φ))
.
NIH3T3 Fibroblasts
To begin with, fibroblast cells were subjected to 7% uniaxial cyclic strain, indicated by FL,
for 6 hours. At the end of the loading cycle, it was observed that cells have reoriented to
directions away from the direction of loading, as seen in Fig. 3.14(A). The cells, which were
then fixed and stained for actin showed that distinct stress fibres were formed following
the reoriented direction of cells, as shown in Fig. 3.14(B). By choosing 100 cells at random,
average histogram of the stress fibre orientation was evaluated, as shown in Fig. 3.14(D).
It can be seen that stress fibres exhibit two dominant directions, one at 50◦, and the
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other at −54◦. The result can be expressed in terms of a circular histogram as well,
Fig. 3.14(C), where stress fibre in every measured direction can be obtained by evaluating
the corresponding vector. Double headed arrow in Fig. 3.14(C) indicates the direction
of loading, representing 0◦. Circular variance can then be evaluated as given in Eq. 3.5,
leading to a value of 0.89, as shown in Fig. 3.14(C), for the particular loading condition
and cell type. This indicates that although all fibres are not aligned along a particular
direction, they are not uniformly distributed, which could be seen by Fig. 3.14(D) as
well. In sum, it was observed that cyclic loading resulted in stress fibres being formed in
directions away from 0◦, which is the direction of loading.
When the amplitude of the cyclic load was increased such that the strain was 20%,
denoted by FH, it was found that the dominant angles of stress fibre orientation were 65◦,
and -70◦, as seen in Fig. 3.15(D). The phase contrast image, Fig. 3.15(A) shows the cells
aligned away from the direction of loading, and the fluorescence image of actin stained cell
shows the stress fibre, Fig. 3.15(B). Circular histogram with a evaluated circular variance
of 0.83 can be seen in Fig. 3.15(C) indicating that more stress fibres are aligned than that
obtained with the FL case. It can also be observed that, with an increase in the amplitude
of the stretch, the dominant angle shifted more from the direction of loading. Due to
the presence of two dominant angles with different magnitudes, the circular histogram
obtained is asymmetric too. Thus, it was seen that with an increase in the amplitude of
the cyclic loading, keeping the frequency constant, orientation angle shifted more from the
direction of loading.
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Fig. 3.14: (A) Phase contrast image of fibroblast cells subjected to FL loading condition.
Arrows indicate the direction of alignment of each cell. (Scale bar = 25µm)
(B) Representative image of stress fibres subjected to FL load case. (Scale bar
= 20µm). (C) Circular histogram representing the amount of fibre in each
angle with its circular variance. Double headed arrow indicates the direction
of loading, representing 0◦. (D) Bar histogram obtained by averaging angular
values of 100 cells. Direction of loading ←→.
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Fig. 3.15: (A) Phase contrast image of fibroblast cells subjected to FH loading condition.
Arrows indicate the direction of alignment of each cell. (Scale bar = 25µm)
(B) Representative image of stress fibres in a fibroblast cell subjected to FH
load case. (Scale bar = 20µm). (C) Circular histogram representing the
amount of fibre in each angle with its circular variance. Double headed arrow
indicates the direction of loading, representing 0◦. (D) Bar histogram obtained
by averaging angular values of 100 cells. Direction of loading ←→.
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MC3T3 osteoblasts
Osteoblasts were subjected to similar loading conditions, denoted by OL and OH in Ta-
ble. 3.1, for 8 hours. It was observed that osteoblast cells responded more slowly compared
to fibroblast cells. Phase contrast image of cells subjected to a cyclic load, case OL, at the
end of 8 hours is given in Fig. 3.16(A). The fluorescent image of a cell with stress fibres, is
shown in Fig. 3.16(B), along with the bar histogram Fig. 3.16(D), obtained by averaging
100 cells. It can be seen that osteoblast cells orients to two dominant angles 63◦, and
−50◦, even though less distinct as compared to fibroblast cells. The circular histogram
with its circular variance of 0.93 can be seen in Fig. 3.16(C), along with double headed
arrow indicating the direction of loading, at 0◦. The circular variance is higher than that of
fibroblasts indicating the loss of dominant directions of stress fibre orientation, as observed
with fibroblast cells.
When osteoblast cells were subjected to 20% cyclic strain, indicated by OH, domi-
nant angles were higher than that obtained for the OL case, a behaviour similar to that
observed in fibroblasts as well, as seen in the phase contrast image of Fig. 3.17(A). The
dominant directions were now found at 50◦, and −85◦, as shown in Fig. 3.17(D). The cir-
cular histogram shows the distribution of stress fibres with its evaluated circular variance
to be 0.92, Fig. 3.17(C). This indicates that the stress fibre alignment is more dominant
towards particular directions than it was observed during the OL loading condition. But
the difference in circular variance and hence the re-alignment of stress fibres was not as
drastic as observed in fibroblast cells. This can be explained by the observation that in
experiments on osteoblast cells with a seeding density of 10000 cells/cm2, distinct stress
fibres were formed only in a few cells in contrast to fibroblasts where stress fibres were
present in most of the cells at the end of the stretching experiment, as shown in Fig. 3.18.
This might be due to low frequency of the cyclic load being applied.
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Fig. 3.16: (A) Phase contrast image of osteoblast cells subjected to OL loading
condition. Arrows indicate the direction of alignment of each cell. (Scale bar
= 25µm) (B) Representative image of stress fibres subjected to OL load case.
(Scale bar = 20µm). (C) Circular histogram representing the amount of fibre
in each angle with its circular variance. Double headed arrow indicates the
direction of loading, representing 0◦. (D) Bar histogram obtained by averaging
angular values of 100 cells. Direction of loading ←→.
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Fig. 3.17: (A) Phase contrast image of osteoblast cells subjected to OH loading
condition. Arrows indicate the direction of alignment of each cell. (Scale bar
= 25µm) (B) Representative image of stress fibres subjected to OH load case.
(Scale bar = 20µm). (C) Circular histogram representing the amount of fibre
in each angle with its circular variance. Double headed arrow indicates the
direction of loading, representing 0◦. (D) Bar histogram obtained by averaging
angular values of 100 cells. Direction of loading ←→.
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(A) (B)
Fig. 3.18: (A) Only a fraction of osteoblast cells, seeded at 10000 cells/cm2, subjected to
20% strain formed dominant stress fibres. (B)But, in case of fibroblast cells,
stress fibres are formed in almost all cells, and even cells are aligned in the
dominant directions away from the direction of loading. Scale bar = 25µm.
Direction of loading ←→.
In order to quantify the different orientation responses of cells to different amplitudes,
average value of cos2θ is evaluated for each cell as given in Eq. 3.3, which is then aver-
aged over all the cells considered for analysis (〈cos2θ〉). As explained in [7], the value of
〈cos2θ〉 = 0 for uniform or randomly distributed cells, while the value is +1 and -1 for
cells that are oriented along the direction of loading and orthogonal to it respectively. In
addition, statistical tests were performed by ANOVA followed by multiple comparison test
in order to determine if the datasets are significantly different.
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Fig. 3.19: Distribution of 〈cos2θ〉 for different cell types and loading
conditions, expressed as mean±SEM. * indicates that the
data is significantly different as obtained by ANOVA
followed by multiple comparison test.
It can be seen from Fig. 3.19 that the value of 〈cos2θ〉 is -0.11 for fibroblast cells sub-
jected to the load case FL. As the amplitude is increased, case FH, the value is increased
to -0.17 indicating that the orientation of stress fibres tends to become aligned, and away
from the direction of loading. A similar behaviour was observed even in osteoblast cells,
where, with increase in amplitude of cyclic loading, 〈cos2θ〉 changed from -0.06 to -0.07.
Statistical tests to determine the difference between data sets indicated a significant dif-
ference between different cases, as indicated by ∗ in Fig. 3.19. Results of ANOVA followed
by multiple comparison tests are given in Appendix.
The images of fixed cells were further analysed by considering a random area of cells
and evaluating the circularity parameter in ImageJ by considering 750 cells. Circularity
is defined as
Circularity = 4 ∗ pi ∗ area
perimeter2
(3.6)
which is 1 for a perfect circle and a value of 0 indicates an infinitely long ellipse or a
straight line. It can be seen in Fig. 3.20 that the circularity of fibroblast cells subjected to
the load case FL is 0.79, while with increase in amplitude, circularity falls to 0.71. This
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indicates that with increase in the amplitude of stretching, cells become more elongated.
Surprisingly, cells which were not subjected to any external loading, indicated by FR in
Fig. 3.20, gave a circularity value of 0.74, which is lower than that of the cells subjected
to the load case FL. A similar behaviour was observed even with osteoblast cells, where
OR cells gave a circularity value of 0.78 while OL and OH gave circularity values of
0.79 and 0.77 respectively. This shows that the cyclic loading results in an increase in
the circularity of cells, when subjected to low amplitude loads, but decreases when the
amplitude is increased.
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Fig. 3.20: Circularity of fibroblast and osteoblst cells for different
amplitudes. Circularity of control cells (FR, OR) was lower
than that of low amplitude loadings (FL, OL) which reduced
with further increase in amplitude (FH, OH). Data is
expressed as mean±SEM.
3.7. Live cell reorientation
In literature, several uniaxial stretching experiments have been performed, but due to
the lack of live imaging capability of the device, not all experiments have been able to
observe the reorientation phenomenon. In this regard, taking advantage of the live imaging
capability of the additively manufactured cell stretcher, cells were imaged through the
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PDMS by pausing the cyclic stretch. The experiments were performed on both fibroblast,
and osteoblast cell types. Due to uniaxial cyclic stretch, cells change its shape such that
they align away from the direction of loading, and as seen from the images of fixed cells,
even stress fibres were formed in the same direction. An attempt was made to transfect the
cells for actin to perform live imaging of stress fibre growth. But, due to auto flourescence
of PDMS in the green channel, it was not possible to view stress fibre orientation live,
using the EVOS autofluorescence microscope system. It can be seen from Fig. 3.21 that
when cells were subjected to uniaxial cyclic load in the horizontal direction, they change
their shape, migrate, form cell-cell adhesion with the neighbouring cells and align in a
direction to avoid the applied load. Similar behaviour was observed even with osteoblast
cells as seen in Fig. 3.22.
It can be observed from Fig. 3.21, and Fig. 3.22 that with the same applied cyclic load,
fibroblast cells respond faster than osteoblast cells. Cells were found to reorient away
after 5 hours of cyclic loading in case of fibroblasts, while the reorientation was observed
only after 8 hours in case of osteoblasts. The observed difference might be due to the
physiological function of each type of cells. The difference in circularity results between
osteoblast and fibroblast cells can also be observed from Fig. 3.21, and Fig. 3.22. It was
observed in [8] that initially stress fibres were formed in directions away from loading,
followed by cell orientation. In this regard, it would be fair to assume that stress fibres
have reached a steady state at the end of loading cycle while cells might further migrate
if the cyclic loading would have been continued.
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t = 0 min t = 30 min
t = 60 min t = 120 min
t = 180 min t = 300 min
Fig. 3.21: Evolution of fibroblast cells over time. Cells reorient and migrate in
direction away from the loading direction. Direction of loading ←→.
Scale bar = 25µm
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t = 0 min t = 30 min
t = 60 min t = 120 min
t = 180 min t = 270 min
t = 420 min t = 480 min
Fig. 3.22: Evolution of osteoblast cells over time. Cells reorient and migrate in
direction away from the loading direction. Direction of loading
xy.
Scale bar = 25µm.
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3.8. Summary
In this chapter, a novel device to apply the uniaxial cyclic loading on cells has been designed
and manufacturing process has been elaborated. Additive manufacturing process using
the 3D printing technology has made the device cost effective along with the ability to
place the device within the onstage incubator of the microscope system. Using stepper
motors controlled by Arduino has made it possible to apply cyclic loading with varying
parameters. Thus, compared to either commercially available cell stretchers or other open
source alternatives available, this design is compact and robust with high level of accuracy.
Using this device, experiments have been performed on two types of cells, fibroblasts, and
osteoblasts, and quantitative analysis was performed using atleast 100 cells. PDMS, a
biocompatible elastic membrane was used as a substrate for the cells to adhere. Different
amplitudes of cyclic load was applied to study their responses. Analysis of cells subjected
to uniaxial cyclic loading showed that stress fibres were formed primarily in directions away
from the direction of stretch. The orientation was found to be more dominant with increase
in amplitude of the cyclic load. In addition, live imaging of the response of cells to such
loading could be performed, where it was observed that osteoblast cells responded slower
than fibroblast cells. Thus, the response of cells was found to depend on the parameters
of the cyclic load in congruence to their physiological behaviour. Understanding such a
variety of cell reorientation behaviours can help in developing artificial tissues. In order to
design and develop right experiments and understand the intricate relationships between
different components of the cell, it is necessary to make use of the numerical simulations.
In this regard, the following chapters will deal with developing a numerical model that can
simulate the behaviour of cells subjected to a variety of mechanical loading conditions.
4. Mathematical modelling of stress fi-
bre reorientation
The external mechanical stimulus is experienced by the cell at focal adhesions. The ex-
ternal stimuli causes chemical reactions within the cytoplasm, resulting in the growth of
stress fibres. Growth of stress fibres, which is therefore dependent on the mechanical stim-
uli, varies based on the type of loading, further affects focal adhesion, thus completing a
feedback loop. In this chapter, a mathematical model for the stress fibre growth coupled
with focal adhesion formation and the feedback loop controlling the cytoplasmic calcium
concentration is introduced, as developed in [12]. Numerical examples will be solved to
observe the behaviour of stress fibre and focal adhesion growth under a variety of load-
ing and environment conditions, including the cyclic loading experiments as performed in
Chapter 3.
4.1. Modelling Assumptions
As explained in Chapter 2, bio-chemical processes occurring within a cell involve vari-
ous proteins and their complex interactions. Developing a mathematical model which
includes chemistry of all the reactions would make it highly cumbersome and might be
very complicated to obtain a meaningful solution. In this regard, it is common to make
assumptions which can simplify the model without losing physics of critical processes. In
the current formulation, only stress fibre and focal adhesion growths are considered to
influence the behaviour of cells. It is assumed that the cytoplasm consists of actin-myosin
stress fibres only, and the active processes of other organelles such as microtubules and
nucleus are neglected. The actin and myosin proteins needed for the formation of stress
fibres is assumed to never deplete. In addition, focal adhesion proteins are assumed to
consist of integrins only. With these assumptions, though it is not possible to extract the
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exact nature of cell biology, it is sufficient to understand the overall nature of the response
of cells to particular stimuli types. Hence, the model attempts to simulate the behaviour
of cells to particular mechanical loadings using stress fibre and focal adhesion, along with
their interaction.
4.2. Stress fibre growth
The following three assumptions are considered for the development of the stress fibre
model:
(i) One of the prominent functions of stress fibres is to transfer the stress from cytoskele-
ton to ECM, thereby ensuring the mechanical equilibrium of the cell. Hence, stress
fibres must be connected to the ECM at focal adhesion which can happen in ventral
stress fibres only. The term stress fibres used in the mathematical model thus implies
ventral stress fibres. On the other hand, actin staining experiments show all types
of stress fibres and therefore it can be assumed that sufficient actin and myosin are
present in the cytoplasm for the stress fibre growth. Extending this hypothesis, it
can be assumed that during stress fibre reorientation process, the reduction of stress
fibre concentration in one direction does not influence the concentration in other
directions. That is, the formation of stress fibre in one direction does not curtail the
availability of actin to form stress fibres in other directions.
(ii) Due to the difference in the way stress fibres contract compared to muscle sarcomeres,
as explained in Chapter 2, the solution for the stress fibre growth during contraction
is obtained by allowing rapid cycles of dissociation and re-association of α-actinin to
actin filaments. Thus, it can be assumed that, an increase in contractile stress leads
to reduced dissociation rather than a direct increase in association.
(iii) The free calcium ions present in the cytoplasm play an important role in stress fibre
contractility as observed in [154] and [155].
Based on these assumptions, the stress fibre growth model is formulated in terms of a
directional stress fibre concentration rate, cf [112]:
η˙(φ) =
(1− η(φ))C kf − (1− κ) η(φ) kb if κ < 1(1− η(φ))C kf if κ ≥ 1 (4.1)
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where,
κ =
σa(φ)
σ0(φ)
(4.2)
is the ratio of active stress σa(φ) in the stress fibre due to the actin-myosin bridge to the
isometric stress σ0(φ), and where
σ0(φ) = η(φ)σmax (4.3)
with σmax being the maximum stress allowed in the stress fibre. The stress fibre concen-
tration at an inclination angle φ is denoted with η(φ), (0 ≤ η(φ) ≤ 1). Furthermore, C
represents the calcium concentration available for contractility within the cytoplasm, and
kf and kb are rate constants related to the association and dissociation of stress fibres,
respectively. Since it has been observed that stress fibres are absent in a cell which is not
stressed, it can be assumed that, η(φ) = 0 at t = 0 to be an appropriate initial condition.
From Eq. 4.1 the following principal behaviours for the growth model can be deduced:
(i) as the concentration of stress fibre increases, the rate of stress fibre association re-
duces.
(ii) the association of stress fibres is directly dependent on the calcium concentration.
(iii) if the active stress in the stress fibre is less than the isometric stress, an increase in
the active stress prevents further dissociation of stress fibres.
(iv) if the active stress is greater than or equal to the isometric stress, it is assumed that
no further dissociation is possible, and hence the dissociation part becomes zero,
thereby preventing the collapse of stress fibre, and supporting the tensegrity model
[107].
4.2.1. Effect of calcium signalling
To study the influence of calcium signal C on the stress fibre concentration η, the ratio
of active stress to isometric stress, κ in Eq. 4.1 is set to 0 in order to nullify the influence
of active stress on the stress fibre growth. To illustrate the behaviour of Eq. 4.1, an
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exponentially decaying ad-hoc calcium signal is considered:
C = exp
(
− t
θ
)
(4.4)
where t represents the instantaneous time and θ its time constant. By choosing kf and kb
to be 10/s and 1/s respectively, stress fibre growth is evaluated and compared with that
obtained when calcium signal is kept constant, C = 1. Accordingly, it can be seen that
when an exponential signal is applied, stress fibre concentration decays with time, while it
reaches a peak and remains constant when calcium is held constant as shown in Fig. 4.1(a).
It can also be seen that, when calcium activation signal is applied multiple times, even
the stress fibre concentration follows the calcium signal, as shown in Fig. 4.1(b).
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Fig. 4.1: Comparison of stress fibre growth for (a) single calcium activation signal (b)
multiple activation signals, with κ = 0.
In addition, it can be seen that when dissociation is made zero by setting κ = 1, stress
fibre reaches a steady state and does not dissociate even with an exponentially decaying
calcium signal, as shown in Fig. 4.2, showing that stress fibre growth depends on both the
cytoplasmic calcium and the instantaneous active stress.
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Fig. 4.2: Stress fibre growth when dissociation term is
nullified (κ = 1).
The high structural and behavioural similarities between muscle sarcomeres and stress
fibres justifies the use of models which were derived for the growth of stresses in muscle
sarcomeres, to describe the fundamental relations between kinematic and static compo-
nents. The state of stress in these models was found to be dependent on both, the strain
[156], and the strain rate [103]:
σa
σ0
= f(ε) g(ε˙) (4.5)
where f(ε) and g(ε˙) are two independent functions depending on the strain (ε) and the
corresponding strain rate (ε˙), respectively.
4.2.2. Stress-strain rate relation:
The function g(ε˙), which represents the growth of stress in the stress fibres due to the
strain rate is assumed to follow a Hill-type growth. Here, a modified, smooth non-linear
version of the Hill model [10, 103, 115], based on the linear piecewise continuous model
[112], is used:
g(ε˙) =
1
1 + Sexp√
(S2exp+1)
1 + k¯v ε˙ε˙0 + Sexp√(
k¯v
ε˙
ε˙0
+ Sexp
)2
+ 1
 (4.6)
where Sexp is an expansion parameter which introduces a uniform behaviour for both
positive and negative strain rates with Sexp = 0 and a non-uniform behaviour for Sexp > 0,
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as shown in Figure 4.3.
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Fig. 4.3: Hill model behaviour for different values of expansion parameter Sexp.
Behaviour is uniform for Sexp = 0, while it is non-uniform for Sexp = 1.
The expansion parameter Sexp becomes significant only when the cell is subjected to
cyclic loading [10, 113], and hence in all the numerical examples presented in this thesis,
Sexp is chosen to be 1 for problems with cyclic loading and 0 otherwise. The Hill constant
k¯v is a dimensionless constant for the dissociation of contraction and ε˙0 is a parameter
representing the strain rate sensitivity. From Eq. 4.6 and Fig. 4.3, the following overall
model behaviour can be observed:
(i) the function g tends to zero when the strain rate increases to minus infinity:
ε˙→ −∞ : g(ε˙)→ 0 (4.7)
This implies that the stress fibre dissociates and the stresses cannot grow when the stress
fibre is subjected to a very high negative strain rate.
(ii) as the strain rate increases positively, g(ε˙) converges towards a stationary point
ε˙→ +∞ : g(ε˙)→ 2
1 + Sexp√
(S2exp+1)
(4.8)
which is a constant greater than or equal to one. The corresponding plateau value depends
on the expansion parameter Sexp and is equal to 2 for Sexp = 0.
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(iii) For a zero strain rate, i.e. the isometric state, for all values of Sexp,
g(0) = 1. (4.9)
reducing the model to a purely static model response.
4.2.3. Stress-strain relation:
It was observed that, in addition to the strain rate of the applied loading, stress in muscle
sarcomeres are found to depend on the strain as well [156]. Hence the model has to be
updated by including stress-strain relation. The stress-strain relation can be derived in
analogy to the characteristics of cables which are stiff in tension but which have no stiffness
in compression. Thus, the stress will drop to zero for an increase of negative strains and
will evolve for a positive strain value. A function for such a behaviour can be written as,
cf [113]:
f(ε) =

exp
(
−
(
ε
ε0
)2)
if ε < 0
exp
(
−
(
ε
ε0
)2)
+
(
ε
ε1
)2
if ε ≥ 0
(4.10)
where ε0 is a decay constant for the contraction when the strain becomes negative and
where the constant ε1 characterizes the passive strain hardening. Following [113], the ratio
ε1/ε0 is kept constant at a value of 1.4. For ε = 0, f(ε) = 1, maintaining the unit value at
the isometric state. With Eq. 4.3 and the relations 4.6 and 4.10 the active stress follows
as
σa(φ) = η(φ)σmax f(ε)g(ε˙) (4.11)
representing the active stress in a stress fibre in the direction φ.
In order to describe the anisotropic stress fibre contraction within the cell, a 2-dimensional
homogenization is used to evaluate the stress tensor:
σ =
1
pi
σ11 σ12
σ21 σ22
 (4.12)
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with
σ11 =
∫ pi/2
−pi/2
σa(φ) cos2(φ) dφ
σ12 =
∫ pi/2
−pi/2
1
2
σa(φ) sin(2φ) dφ
σ11 =
∫ pi/2
−pi/2
1
2
σa(φ) sin(2φ) dφ
σ22 =
∫ pi/2
−pi/2
σa(φ) sin2(φ) dφ.
The strain and strain rate along the fibre with inclination angle φ are obtained by a
similarity transformation in the 2D-plane using the inclined basis vectors:
ε(φ) = ε11 cos
2(φ) + ε22 sin
2(φ)
+ε12 sin(2φ) (4.13)
ε˙(φ) = ε˙11 cos
2(φ) + ε˙22 sin
2(φ)
+ε˙12 sin(2φ). (4.14)
The contractile deformation of the stress fibres is confined by the passive resistance of the
cytoskeleton through the intermediate filaments and other components in the cytoplasm.
For simplicity, material offering such resistance is assumed to be isotropic and the stress-
strain behaviour as linear elastic,
σp = E ε (4.15)
where σp denotes the passive stress, E is the passive elastic modulus and ε is the axial
fibre strain. In three dimensions, total stress can be written as the sum of active and
passive stress components:
Σij = σ
a
ij +
(
Eν
(1− 2ν)(1 + ν) εkkδij +
E
1 + ν
εij
)
(4.16)
where ν denotes the Poisson’s ratio and δij is the Kronecker delta. Mechanical equilibrium
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can be evaluated by solving Eq. 4.17 using plane stress condition.
Σij,j = 0 (4.17)
2D cell supported by springs: Consider a cell supported by linear springs at the
corners as shown in Fig. 4.4(A). When the system is initiated by an ad-hoc exponentially
decaying calcium signal, stress fibre starts to grow. Solving the model by applying the
traction boundary conditions exerted by the springs,
Ti = −KEUi (4.18)
where T represents the traction exerted by the spring with stiffness K, and U represents
the displacement, it can be seen that stress fibre concentration is higher near the edges
where springs are connected than at other regions of the cell, as seen in Fig. 4.4(B). The
average value of stress fibre concentration (η¯) is evaluated by averaging the value over the
range −pi/2 to pi/2.
η¯ =
1
pi
∫ pi/2
−pi/2
η(φ) dφ (4.19)
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Fig. 4.4: (A) Schematic of a cell supported by springs at the
corners. KE = 1e5N/m
2;Lx = 25e− 6m;Ly = 25e− 6m.
(B) Stress fibre concentration η¯ shows that the
concentration is higher at the corners (Scale factor=2).
Though this numerical example showed that the stress fibre model could predict right
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stress fibre growth response based on the substrate properties, in reality, cells are not
placed on springs whose properties are known. But cells have spring like structures on the
cell membrane, termed focal adhesions, to sense the stimuli exerted by the extra cellular
matrix.
4.3. Focal adhesion growth
Focal adhesions are made up of multi-protein structures, containing integrins at the bottom
most layer, that form a mechanical link between the cytoskeleton and the extra cellular
matrix [52]. Experiments reveal that integrins exist in two conformational states: (i) a
low affinity or bent state and (ii) a high affinity or straight state. Integrins in the straight
state are assumed to form a bond with the substrate, while integrins in the bent state are
free. Thus, for modelling purposes, the high affinity integrins can be assumed to represent
the focal adhesions which form a bond between the cell and the substrate as shown in
Fig. 4.5.
cell
substrate
integrins in bent state
(low affinity integrins)
integrins in straight state
(high affinity integrins)
ligands
Fig. 4.5: Low and high affinity integrins in a 1-D cell
attached to a soft substrate where the high
affinity integrins are assumed to represent
the focal adhesions.
The modelling of the focal adhesions follows a thermodynamical approach represented
by the chemical potential for low and high affinity integrins [53, 116]:
µL = µ
R
L + k T ln
(
ξL
ξ0
)
(4.20)
µH = µ
R
H + k T ln
(
ξH
ξ0
)
+ Φ− F¯ ∆ (4.21)
where µL and µH are the chemical potentials of the low and high affinity integrins, re-
spectively. Furthermore, µRL and µ
R
H are the reference chemical potentials while ξL and ξH
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are the concentrations of the low and high affinity integrins, respectively. The Boltzmann
constant is denoted by k and the absolute temperature by T . Furthermore, ξ0 denotes the
reference integrin concentration [53]. A comparison of (4.20) and (4.21) reveals two addi-
tional terms in (4.21) which result from the fact that, due to bonding with the substrate
the potential of the high affinity integrins depends on the tensile force they are subjected
to [52]. The bond energy is denoted with Φ, while (F¯ ∆) denotes the work done by the
bond while being stretched by ∆. Thus, the force exerted by the bond can be evaluated
from the bond energy Φ as
F¯ =
∂Φ
∂∆
. (4.22)
The model is based on the following assumptions and relations:
• at thermodynamic equilibrium, the chemical potentials of high and low affinity in-
tegrins must be equal. Thus,
µH = µL (4.23)
will result in the inter-conversion of integrins from a low to a high affinity state and
vice versa. From (4.20), (4.21) and (4.23), the relation between high and low affinity
integrins reduces to
ξH
ξL
= exp
(
µRL − µRH − Φ + F¯ ∆
k T
)
. (4.24)
• In the FA models of [53, 116], low affinity integrins were assumed to move along
the cell membrane which was modelled by a diffusion equation, satisfying zero-flux
boundary conditions. Since the diffusion of low affinity integrins does not contribute
to the focal adhesion formation through inter-conversion of integrins, the diffusion
of integrins was neglected and the conservation of the total number of integrins was
assumed through
ξ0 = ξL + ξH (4.25)
where ξ0 is the total number of integrins in the system which is inter-converted
between low affinity and high affinity integrins based on their potential. Substitution
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of Eq. (4.25) into (4.24) gives:
ξL =
ξ0
1 + α
(4.26)
ξH =
ξ0α
1 + α
(4.27)
with
α =
ξH
ξL
. (4.28)
• the bond energy Φ in the high affinity integrins is assumed to depend on the stretch
quadratically:
Φ =
1
2
λs ∆
2
e (4.29)
where ∆e =
√
∆21 + ∆
2
2 is the effective stretch, and ∆1 and ∆2 represent the stretches
in x1 and x2 directions, respectively, while λs represents the bond stiffness; so that:
F¯ = λs ∆ . (4.30)
• the stretch rate is related to the rate of displacement as
∆˙ =
u˙ ∆e ≤ ∆max0 otherwise (4.31)
where ∆max is the maximum allowable stretch in the stress fibres.
In summary, the FA model reflects the following behaviour: integrins subjected to an
external force, respond either by the formation or dissociation of focal adhesions. If more
focal adhesions are needed to maintain equilibrium, low affinity integrins are converted
to high affinity integrins through the thermodynamic equilibrium. The total number of
integrins in the system is preserved.
Solution to the problem of cell contractility coupled with focal adhesion growth can be
obtained by solving the mechanical equilibrium subjected to traction due to focal adhesion
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as given in [53],
b Σij,j = −Ti (4.32)
where Σ is the total stress in the stress fibre as given in Eq. 4.16, b is the thickness of the
cell, and Ti is the traction force exerted by focal adhesion on the cell, evaluated as
Ti = −ξHF¯i (4.33)
where, ξH is the high affinity integrin concentration and F¯i is the force exerted by the cell,
evaluated as
F¯i = λs∆i (4.34)
where, ∆ represents the stretch of the high affinity integrins, as given in Eq. 4.31.
4.4. Calcium signalling growth and feedback
Essential processes of a living cell such as mechanosensing or the growth of stress fibres
involve multiple proteins including adaptor proteins such as talin, and vinculin; kinase,
and phosphatase such as FAK; cytoskeletal components such as actin filaments, and mi-
crotubules and their interactions [157]. Though the behaviour of each of these individual
proteins is clear to some extent, the combined actions and its effect on the cellular prop-
erties are not understood completely. Integrins on the cell membrane receive signals from
the ECM resulting in the activation of inositoltriphosphate (IP3) messenger molecules.
The IP3 molecules diffuse through the cytoplasm and attach themselves to the receptors
on the endoplasmic reticulum and release free calcium ions (Ca2+ ). The Ca2+ ions thus
available in cytoplasm bind to the calcium modulated protein calmodulin and activate the
calmodulin dependent protein kinase (CaMKII), which leads to the activation of the small
GTPase enzyme RhoA [158]. Further, RhoA and its downstream effector Rho-associated
kinase (ROCK) act as principal mediators for the growth of tension in the cytoskeleton
[159]. ROCK is found to attach to myosin phosphatase, inhibiting phosphatase activ-
ity and thereby increasing myosin phosphorylation. In addition, they are also attached
to LIM kinase (LIMK) which generates actin monomers, together promoting stress fibre
contractility through the formation of an acto-myosin bridge complex [160], cf Fig. 2.2.
The formed actomyosin complex will generate stress fibres which lead to focal adhesion
growth [54]. Simultaneously, the focal adhesion growth manipulates the RhoA signalling
and hence the growth of stress fibres. In [161] it was shown that cells placed in suspension
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showed an increased level of RhoA, but low phosphorylation and hence low stress fibres.
This indicates that the mechanisms in the cell are interconnected and there exists a feed-
back loop between the focal adhesion formation, the calcium concentration, the myosin
phosphorylation and the stress fibre generation as illustrated in Fig. 4.6. The concentra-
tion of calcium which is released from the endoplasmic reticulum stores into the cytoplasm
is regulated by mitochondria, thus keeping its concentration under a limit.
Myosin
phosphorylation
feedback
integrins
focal adhesions
ECM signal
IP3, Ca2+ RhoA, ROCK
stress fibers
Fig. 4.6: Signalling feedback within a cell. Signal coming from ECM,
sensed by focal adhesion, results in the diffusion of IP3
leading to growth of Ca2+. In the presence of RhoA, and
ROCK, myosin phosphorylates to form stress fibres, which
leads to change of focal adhesion concentration, resulting in a
feedback loop.
Due to different time scales of each of these processes, periodic spikes are observed over
time in the calcium concentration [162] which are lost again with an increasing degree of
stimulation of the receptor. Since the focal adhesions are assumed to be fully grown and
play the role of receptors, high receptivity can be assumed and thereby neglect the spiking
behaviour of calcium.
In Fig. 4.7, the generation of calcium within the cytoplasm is illustrated depicting
the following mechanism: (i) the receptor-initiated hydrolysis of phosphatidylinositol 4,5-
bisphosphate (PIP2) by phospholipase C (PLC) results in the formation of inositol 1,4,5-
triphosphate (IP3) and diacylglycerol. (ii) IP3 is further hydrolysed to be released as IP2,
while some of IP3 molecules attach themselves to the calcium gates at the endoplasmic
reticulum (ER). This attachment opens the calcium channels and releases calcium to the
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cytoplasm. (iii) In order to maintain the calcium concentration within the cytoplasm, the
ER absorbs some of the calcium ions in the cytoplasm, while some of the calcium passes
the cell membrane through mitochondria. Thus, calcium present in the cytoplasm results
in the myosin phosphorylation, which, in turn, leads to the formation of stress fibres and
focal adhesion as described in Section 4.3.
receptor
hydrolysis
by PCL
dephosphorylation
PIP2
IP3
IP2 ER Ca2+
Fig. 4.7: Generation and release of calcium. Hydrolysis of PIP2
molecules results in the formation of IP3. It further
dephosphorylates, and attach to endoplasmic reticulum
leading to release of Ca2+ into the cytoplasm.
From a mechanobiology point of view, the generation of calcium within the cytoplasm
can be considered as a two-step process, where the generation of IP3 is modelled by a
reaction-diffusion equation followed by a rate equation representing the calcium growth.
In this regard, the calcium growth model which includes a mechanosensitive feedback [117]
is used:
˙¯S = ms k T
∂2S¯
∂x2i
− kd S¯ + αc
b
max(0, ξ˙H)− S¯ ε˙(φ) (4.35)
where S¯ is the IP3 concentration, xi (i = 1, 2) is the spatial coordinate and ms is the
mobility of IP3. The reaction terms involve the rate constant kd for the hydrolysis of IP3
into IP2, a non-dimensional proportionality constant αc and the rate value ξ˙H representing
the change of the FA concentration. The strain rate of the stress fibres at an angle φ is
represented by ε˙(φ).
From equation (4.35), it follows that some of the produced IP3 is diffused through
the cytoplasm to reach the endoplasmic reticulum gates and some of the produced IP3
is hydrolysed to IP2 without having an effect on calcium generation. The growth of IP3
is affected only when new focal adhesions are formed but remains unaffected when focal
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adhesions are dissociated. The growth of calcium depending on the available IP3 can be
written as given in [117]:
C˙ = λf
S¯
S¯0
(1− C)− λbC (4.36)
where C represents the calcium concentration and λf and λb are the forward and backward
rate constants, respectively. The boundary condition is chosen to be ∇S¯.n = 0, with n
representing the unit normal vector, on all boundaries of the analysis domain and the
initial condition at t = 0 is chosen as S¯(0) = S¯0 and C(0) = 0. From (4.36) it follows
that C = 0 when S¯ = 0. This implies that there is no calcium without IP3, and hence no
phosphorylation.
The calcium concentration C obtained from Eq. (4.36) is used in Eq. (4.1) to evaluate
the stress fibre concentration. Thus, equations Eq. (4.35) and Eq. (4.36) together represent
the feedback loop that exist within the cell, where calcium concentration is affected by the
focal adhesion formation that is governed by the mechanical equilibrium of the cell. The
resulting calcium concentration affects the stress fibre formation which changes the focal
adhesion concentration, and thereby closes the signalling cycle. Solution to the system
of equations thus developed were obtained following the small strain assumption. More
details about the coupling and solution schemes, and their comparisons in a generalised
large displacement formulation is given in Chapter 5.
4.4.1. External force induced focal complex formation
25µm
1µm
x u0cell
substrate
k¯v = 1.0 Hill constant
kf = 1.4e− 4 s−1 rate of formation
kb = 1.4e− 5 s−1 rate of dissociation
ε0 = 1.0e− 2 strain constant
ε˙0 = 1.0e− 2 s−1 strain rate sensitivity
Fig. 4.8: 1D cell representation with prescribed displacement.
In a series of optical trap experiments Galbraith et al. have revealed ‘The relationship
between force and focal complex development’ [70] and shown that an external force acting
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Fig. 4.9: Focal adhesion growth matches the experimental observations only upon the
application of a feedback loop.
on the cell results in the focal complex formation, even when placed on a ligand-coated
surface where the cell is unable to develop focal adhesion complexes by itself. Furthermore,
it was observed that vinculin, which is a marker for both focal complex and focal adhesion,
did not change over tens of minutes, confirming the applicability of the FA model. A tight
coupling of external forces and a focal adhesion formation was shown earlier in [67] and is
studied in the following numerical example taken from [117].
A 1-D cell is placed on an infinite rigid substrate and is subjected to a prescribed
displacement u0 at one end of the cell, as depicted in Fig. 4.8. The material parameters are
specified in Table 4.1 and additional model parameters as specified in Fig. 4.8. Pursuant
to the experimental and numerical observations, the focal adhesions are expected to form
initially near the end where the displacement is prescribed and eventually to form at the
other end of the cell due to its mechano-sensitive properties.
The numerical experiment was performed with and without feedback loop to demon-
strate its importance for a reliable and correct result. For the case where no feedback
mechanism was considered, an ad-hoc calcium signal C = exp(−t) was used instead of
Eq. 4.36 to trigger the stress fibre growth coupled to focal adhesion formation [112]. With-
out the feedback mechanism the focal adhesion concentration increases initially at the free
left end of the cell while the force was applied at the right end, cf Fig. 4.9(a). Even at
the loaded end of the cell growth of focal adhesions was observed only after a time greater
than 500s. Conversely, an almost immediate growth was apparent at the left end of the
cell. Hence, the simulated development of an initial focal adhesion growth on the left end
4. Mathematical modelling of stress fibre reorientation 70
parameter symbol unit value
Passive elastic modulus E kPa 0.08
Poisson’s ratio of cell ν 0.3
Tensile strength of stress fibres σmax kPa 20
Maximum stretch ∆max m 1.30e− 7
Focal adhesion bond stiffness λs N/m 1.50e− 5
Boltzmann constant kb m
2 kg s−2 K−1 1.38e− 23
Temperature T K 310
Difference between reference chemical
potentials of high and low affinity inte-
grins
∆µ m2 kg s−2 5 kb T
Reference integrin concentration ξ0 integrins/m
2 5.0e+ 15
IP3 mobility constant ms s/kg 1.0e+ 10
IP3 diffusion proportionality constant αs 10
IP3 de-phosphorylation rate constant kd s
−1 5.0e− 4
Reference IP3 concentration s0 molecules/m
3 1.0e+ 21
Forward rate constant of Calcium re-
lease
λf s
−1 1.0
Backward rate constant of Calcium re-
lease
λb s
−1 0.5
Table 4.1: Applied model parameters following [112].
of the cell contradicts the experimental observations.
Next, the ad-hoc calcium signal was replaced with the feedback loop as given by
eqs. (4.35) and (4.36). The effect of the feedback loop is illustrated in Fig. 4.9(b). The con-
centration of cytoplasmic calcium changes within the cytoplasm which affects the growth
of stress fibres and hence the focal adhesions. Initially, the focal adhesion concentration
was higher at the right end of the cell where the prescribed force was applied. Eventually,
focal adhesions grew on the other end of the cell as well. At the state of equilibrium,
the focal adhesion concentration was highest at the boundary of the cell, matching the
experimental observations [69].
4.4.2. Interdependence of focal adhesions and stress fibres
With the next numerical experiment, the feedback-loop extended model is used to demon-
strate the dynamic coupling of stress fibres and focal adhesions. To this end, the effect
of ROCK inhibition is simulated which will demonstrate the suspension of focal adhesion
growth and thus, of stress fibre growth.
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ROCK (Rho-associated protein kinase) is an enzyme which plays a major role in the
stress fibre formation, cf. section 4.4. In [163] it was shown that ROCK inhibition dimin-
ishes the myosin phosphorylation within the cytoplasm and hence reduces the measured
tractions by almost 50%. This reduces the cytoskeletal tension and hence the stress fibre
concentration. It was also found by vinculin staining that the ROCK inhibitor results in
a reduced concentration of focal adhesion. Further, it was observed in suspended cells
that the activity of RhoA is high, but the concentration of stress fibres is low due to
reduced phosphorylation [161]. Furthermore, adhesion is required for the GTP-bound
RhoA to activate ROCK [159]. In summary, these experimental observations show that
by suspending the growth of stress fibres through ROCK inhibition, the focal adhesion
growth is suspended. Based on the inter-dependence between calcium, stress fibres and
focal adhesion as illustrated in 4.4.1, it could be hypothesized that stress fibre growth is
suppressed by inhibition of focal adhesion growth.
25µm
25µm
1µm
k¯v = 1
kb = 1 s
−1
kf = 0.05 s
−1
ε0 = 0.1
ε˙0 = 2.8e-4 s
−1
substrate
cell
Fig. 4.10: Square cell model on an infinite substrate.
In the model, the strong link between ROCK and myosin phosphorylation is brought
about by calcium signalling through the feedback loop as given by eqs. (4.35) and (4.36).
The phosphorylation leading to stress fibre growth is activated by a signalling calcium
concentration which can be derived from reference concentrations of IP3 and ξH . The
stress fibre growth leads to a new equilibrium state for the cell, which again changes
the focal adhesion concentration and thus completes the feedback loop. When the focal
adhesion growth is inhibited, either indirectly by ROCK inhibitors or by keeping the cell in
a suspension, the calcium signal decays and prevents further growth of stress fibres which
indicates the absence of phosphorylation. Alternatively, by inhibiting the growth of focal
adhesion, an increase in the traction force ξHF is prevented. This affects the mechanical
equilibrium and results in reduced contractile stress, and hence an increased stress fibre
dissociation.
4. Mathematical modelling of stress fibre reorientation 72
The influence of focal adhesion on stress fibres is considered with a two-dimensional cell
placed on an infinite substrate depicted in Fig. 4.10. In addition to the parameters shown
in the figure, the material parameters are used according to Table 4.1. Two different
conditions are taken into consideration: with the first condition the focal adhesion is
allowed to grow as a force-dependent mechanism, following the thermodynamic equilibrium
of (4.23), while in the second condition, the focal adhesion is maintained at its initial value
ξ0. The second condition represents the behaviour of cells subjected to ROCK inhibition
or cells in a suspended state.
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Fig. 4.11: Stress fibre growth over time: Stress fibres collpase due to ROCK inhibition.
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Fig. 4.12: Focal adhesion growth on a square cell.
The results of the stress fibre growth analysis are depicted in Figure 4.11. The stress
fibre concentration of cells under contraction considering ROCK inhibition drops due to
the absence of focal adhesion growth. In contrast, when focal adhesion growth is not
restrained, stress fibres are formed significantly. Due to the different time scales of focal
adhesion and IP3 growth, the stress fibre growth without ROCK inhibition exhibits a
small kink around t = 2000s. But, since this did not affect the equilibrium nature of the
cell, the rate constants were not changed. The growth of focal adhesion on the square
test cell is depicted in Fig. 4.12. The focal adhesion growth is higher on the boundary of
the cell than at the centre which fully corresponds to the observed experimental growth
pattern presented in [69].
4.5. Stress fibre reorientation
The cyclic loading experiments presented in Chapter 3 showed that, when cells were sub-
jected to a uniaxial cyclic loading, stress fibres were formed in directions away from the
direction of loading. And the cells were found to reorient along the direction of stress
fibres. The degree of reorientation was found to depend on the substrate and the loading
parameters as observed in Chapter 3 and also in literature [7, 8]. The potential of the
model developed in earlier sections will be shown by simulating the problem of stress fibre
reorientation. Cyclic loading in uniaxial and biaxial directions will be considered with
changing loading and substrate properties.
Experimental studies, performed on cells subjected to cyclic loading, usually involve
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a large number of samples followed by evaluating a statistical average to estimate the
quantitative behaviour. To this end, cells are grown on a substrate, which is attached to
the loading mechanism, applying necessary cyclic loading. Cells are then fixed, stained
for actin and imaged using fluorescence microscope. The results are presented as circular
histogram, which represent the mean behaviour of cells. Thus, since the model presented
in this thesis is deterministic, results are assumed to simulate such average results. In
substrate
cell
εxx
εxx
εyy εyy
Fig. 4.13: Cell placed on a substrate which
is subjected to in-plane loading
εii, i = x, y, representing a strain
loading applied on the substrate.
d d
1/f
t
ε
ε0
Fig. 4.14: Principle cyclic stretch loading.
ε0 indicates the maximum
amplitude of the applied cyclic
load, f denotes the frequency.
the following study, a 2D cell placed on a supporting substrate is modelled, cf. Fig. 4.13.
A strain loading is applied to the substrate which leads to evaluating substrate stresses
according to
σsubij = C
sub
ijkl 
0
kl (4.37)
where Csubijkl is the plane-stress elasticity tensor of the substrate and 
0
kl is the strain applied
to the substrate. The substrate stress is then added to the total stress, to update Eq. 4.32
as
b
(
Σij + σ
sub
ij
)
,j
= −Ti . (4.38)
It is to be noted here that including substrate stress in the mechanical equilibrium
equation implies that substrate is part of the cell, which appears to be non-physical. The
addition of substrate stress to the total stress in the cell is thus a simplification carried out,
which otherwise would be a problem involving contact between the cell and the substrate
and thereby would involve solving for their equilibriums individually. The computed re-
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sults are compared qualitatively with the average experimental results. Stress fibres in 20
orientations distributed uniformly between 0 and pi/2 are considered. In accordance with
the experiments the analysis results are presented with circular histograms in which the
inclination of each line represents the corresponding stress fibre orientation and the mag-
nitude of the length of the line represents the stress fibre concentration η in that direction.
Unlike the results in Chapter 3 where fibres were analysed over −pi/2 to pi/2, the model
considers only a quarter of the analysis domain using symmetry boundary conditions. The
circular histogram between pi/2 and 2pi follows from the symmetry conditions. As observed
during the experiments, at equilibrium, the orientation of a cell and stress fibres match
each other, and hence the terminology cell and stress fibre reorientation, respectively, can
be used interchangeably.
Direction of loading: In [78] it was observed that cells subjected to biaxial loading do
not exhibit a significant realignment while cells subjected to uniaxial loading do, which is
usually termed strain avoidance. In a first analysis, a horizontal uniaxial linear triangular
cyclic loading is applied to the substrate, depicted in Fig. 4.14. The substrate has a
stiffness of 20 kPa and all loading conditions were considered for uniaxial loading according
to Table 4.2 in which d denotes a time span as defined in Fig. 4.14.
frequency [mHz] amplitude ε0 d [s]
(a) 52 0.049 3
(b) 34 0.084 3
(c) 21 0.140 3
(d) 9 0.320 3
Table 4.2: Different applied cyclic loading conditions.
In Fig. 4.15 the results of the horizontal uniaxial loading is shown in terms of circu-
lar histograms. With increasing load amplitude, the stress fibres increasingly realign in
directions away from the loading direction. In the stress fibre model, the dissociation of
stress fibres depends on the active stress. Thus, with increasing amplitude, the effect of
dissociation is much more pronounced than the effect of association which matches the
experimental observations presented in [8].
Generally, the active stress increases during the loading phase of a cycle and decreases
during unloading. In Fig. 4.16, decrease of stress in the direction of loading is higher
than in the orthogonal direction. The figure shows the variation of the active stress for
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increasing amplitude
(a) 0 = 0.049 (b) 0 = 0.084 (c) 0 = 0.140 (d) 0 = 0.320
Fig. 4.15: Stress fibre reorientation due to uniaxial loading in the horizontal direction
(←→). Alignment becomes significant with increasing amplitude.
the last five loading cycles. The pronounced decrease of stress and the higher contractile
strain results in a higher dissociation of stress fibres along the loading direction. Thus, at
equilibrium, the stress fibre concentration is lower in the direction of loading compared to
the orthogonal direction.
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Fig. 4.16: (a) Active stress and (b) strain in stress fibres along the loading and
orthogonal directions and corresponding strain variation for the last five
loading cycles.
Next, in order to study the realignment of stress fibres subjected to biaxial loading,
cyclic loading is applied according to the condition (d), cf. Table 2, in both, horizontal
and vertical directions, keeping all the material parameters constant. The stress fibre
orientation for such a biaxial loading is shown in the circular histogram of Fig. 4.17. A
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strong contrast is observed between uniaxial loading and biaxial loading for the same
loading parameters. It can be inferred that, cells do not exhibit a preferred reorientation
angle, when subjected to biaxial loading as seen during the uniaxial loading.
Fig. 4.17: Stress fibre orientation due to biaxial loading. Stress fibres
exhibits no preferred direction when they are subjected to
load in both x and y directions.
4.5.1. Effect of substrate properties
It has been observed experimentally that the properties of the substrate plays a prominent
role in deciding the cellular reorientation response. In [8], it was observed that cells placed
on substrates with stiffness values less than 11 kPa did not exhibit reorientation. In
another set of experiments [7], it was shown that the stress fibres align along the direction
of loading when the substrate was a soft collagen gel, and divert from the loading direction
when the substrate is a stiff silicone rubber. In [102], stress fibres modelled as catch-
bonds, also showed an increase of the contractile force with increasing substrate stiffness.
To investigate this effect numerically, cell was placed on the substrate and uniaxial cyclic
loading was applied as given in Fig. 4.14. Calculations were carried out for different
values of substrate stiffness while all other material parameters were held constant. It
was observed that the effect of applied cyclic loading becomes significant as the substrate
stiffness increases, as seen in Fig. 4.18.
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Fig. 4.18: Strain in stress fibres at φ = 0 for the last 5 loading cycles. Influence of cyclic
loading on contractile strain increases with substrate stiffness.
4.6. Summary
In this chapter, a mathematical model was introduced, developed as an extension of the
existing models, that can simulate the cell contractility phenomenon leading to mechan-
otransduction behaviour observed in cells. It is a continuum level phenomenological model
simulating the coupled effect of stress fibre and focal adhesion growths, including the feed-
back loop through the cytoplasmic concentration. The prominent features of the model
were the dependence of the active stress in stress fibres on both the strain and the strain
rate, in addition to the focal adhesion growth on the cell membrane. These fields were
coupled through a feedback loop involving the cytoplasmic calcium concentration. Focal
adhesion was assumed to be made up of integrins existing in two conformational states,
in thermodynamic equilibrium. Evaluating the total stress in the cell and solving the me-
chanical equilibrium, unknown concentrations were obtained along with the displacement
field. External strain loading applied to the substrate is transferred to the cell by adding
the substrate stress to the total stress in the cell. Numerical examples illustrated the
effect of feedback loop on the stress fibre growth. It was also possible to use the model to
simulate the response of cells subjected to uniaxial cyclic loading. The effect of substrate
stiffness on the response of cells and the direction of loading has been simulated using
a single set of parameters. It has to be noted here that the solution to the numerical
problems presented in this chapter were obtained following the small strain assumption,
and monolithic coupling. In the following chapter, different coupling schemes and large
displacement formulation will be derived, and the solution schemes will be compared.
5. Monolithic and staggered coupling
schemes
The study of different solution methods for the bio-chemo-mechanical equations would
reveal essential solution properties with regard to robustness and accuracy. In this chap-
ter, solution methods, staggered and monolithic which follow different ways of coupling
the governing equations are considered, as described in [13]. In this regard, consistent
variational formulations and the corresponding algebraic equations tailored to the differ-
ent solution methods have been considered for the cell contractility problem, described in
Chapter 4. The basic differences of the solution schemes will be considered in terms of
algorithmic aspects and are illustrated with a number of numerical experiments, including
model refinement in space and time. Furthermore, sensitivity of the solution with regard
to parameter variations representing different model properties and applied cyclic loading
to understand the mechanisms of the stress fibre growth has been studied.
5.1. Coupling schemes
The mechanical equilibrium, Eq. (4.32), and the focal adhesion growth, Eq. (4.23), con-
stitute a coupled model for the analysis of stress fibre growth through focal adhesion
formation. The solution of the governing equations requires to consider the influence of
one solution field on the other. The coupling can be performed following either staggered
or monolithic approach, as depicted in Fig. 5.1.
In a staggered approach, cf. Fig. 5.1(a), the problem is solved in consecutive steps. The
mechanical equilibrium assumes the focal adhesion formation, in terms of its high affinity
integrin concentration (ξH), to be constant as obtained at the end of the previous time
step tn−1. The ξH concentration of the current time step tn is used to evaluate the dis-
placement field u of the following time step, tn+1. Using the new displacement solution,
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the stretch is evaluated to update the ξH concentration. The coupling of u and ξH is done
explicitly, which limits the size of the time step that can be used to ensure a stable and
reliable solution.
use ξH(tn−1)
solve u
use u(tn)
solve ξH
use ξH(tn)
solve u
use u(tn+1)
solve ξH
. . . tn tn+1 . . .
(a) staggered solution
solve ξH)
solve u
solve ξH
solve u
. . . tn tn+1 . . .
(b) monolithic solution
Fig. 5.1: Solution schemes for the coupled cell contractility and focal adhesion formation
for (a) staggered solution, where the unknowns are solved for in two steps and
(b) monolithic solution, where the unknowns are solved for in a single step.
Alternatively, the monolithic solution approach, cf. Fig. 5.1(b), couples the governing
equations, Eq. (4.32) and Eq. (4.23) in a common system of equations to allow for the
simultaneous solution of the unknown displacements u and high affinity integrin concen-
tration ξH . Thus, both solution fields are assumed to be varying and thereby equilibrium
is established together in an iterative solution scheme. In comparison with the staggered
scheme, the size of the time step used in the monolithic scheme has minor effect on the
solution quality since both solution fields are coupled implicitly and updated in a common
step. In particular, the tight coupling of displacements and integrin concentrations ensures
a high level of robustness of the solution process.
5.2. Geometrically non-linear variational formulation
The in vitro experiments on the contractility response of cells are commonly performed on
elastic membrane, where large stretch is applied, as described in Chapter 3. Hence, in the
following variational formulation of the coupled governing equations, large displacements
of the in vitro tested cells is taken into account and a geometrically non-linear formulation
is developed. A detailed representation of the underlying non-linear kinematics concepts
can be found in e.g. [164], while a brief overview is given in the following subsections.
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5.2.1. Kinematics
In Fig. 5.2, a body is depicted in an undeformed configuration at time t = 0, denoted
with B0, and a deformed configuration at time t 6= 0, denoted with B. In the following,
the initial configuration B0 is used as a reference configuration in a Total-Lagrangian
formulation.
x2
x3
x1
X
x
u
B0
B
P0
P
Fig. 5.2: Undeformed reference configuration B0 and deformed configuration B of a
body. Position of a point P0 is denoted by X in the reference configuration
while it is denoted by x in the current configuration.
Material points of the reference configuration B0 are identified by a location vector X
measured with respect to a stationary reference frame (x1, x2, x3), with the basis vectors
ei =
∂X
∂xi
i = 1, 2, 3 . (5.1)
Material points of the current configuration B are identified correspondingly by a location
vector x. With the change of the configuration of the body, the displacement state u and
the deformation gradient F follow as
u = x−X (5.2)
F =
∂x
∂X
. (5.3)
Using the deformation gradient, Eq. (5.3), the Green-Lagrange strain tensor is defined
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conventionally as
E =
1
2
(
FTF− I) (5.4)
Eij =
1
2
(
∂ui
∂Xj
+
∂uj
∂Xi
+
∑
k
∂uk
∂Xi
∂uk
∂Xj
)
i, j, k = 1, 2, 3 . (5.5)
5.2.2. Statics
The energetic conjugate stress measure to the Green-Lagrange strains are the 2nd Piola-
Kirchhoff stresses which are computed using the three-dimensional constitutive relations.
A linear relation between stress and strain rates can be established with the assumption
of small strains
S˙ = C : E˙ (5.6)
S˙ij = Cijkl E˙kl (5.7)
where C is a fourth order material tensor [164]. The 2nd Piola-Kirchhoff stresses refer
to the known reference configuration B0 without having a physical interpretation. The
true stresses of the deformed body are the Cauchy stresses τ which refer to the unknown
current configuration B. They are determined from the 2nd Piola-Kirchhoff stresses by the
transform
τ =
ρ
ρ0
F S FT (5.8)
where ρ and ρ0 denote the material density in the current and reference configuration,
respectively.
5.2.3. Governing equations
In the following sections, the variational formulation, of the model introduced in Chapter 4,
on the basis of the Principle of Virtual Work will be introduced and the corresponding
linearised equations are derived for an incremental iterative solution with a staggered and
with a monolithic solution approach. The geometry considered in the analysis refers to a
square domain representing the cell and the focal adhesion distribution. As explained in
Chapter 4, symmetry of the solution domain is considered and therefore only a quarter of
the domain is modelled as depicted in Fig. 5.3. The governing equations follow a coordinate
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representation of a plane state of stress in which the Einstein summation convention is
applied and indices take values {1, 2}.
x2
x1
Ω
(u, ξH)
ΓD
ΓD
ΓN
ΓN
Fig. 5.3: Solution domain Ω with symmetric Dirichlet boundary ΓD and Neumann
boundary ΓN , solved for the state variables u and ξH .
5.2.4. Staggered solution approach
In the staggered approach, the equations governing the mechanical equilibrium and the
focal adhesion growth are considered in separate solution steps. The Total Lagrangian
formulation of the virtual work of the equilibrium Eq. (4.32) refers all quantities to the
reference configuration B0 :
δW = 0 = b
∫
Ω0
Sij : δEij dΩ +
∫
Ω0
(ξH F¯i) δui dΩ (5.9)
where the 2nd Piola-Kirchhoff stress Sij = S
a
ij+S
p
ij represents the sum of active and passive
stress in the stress fibre, and Ω0 represents the domain in the reference configuration.
The equation Eq. (5.9) is non-linear and requires a stepwise incremental solution. A
consistent linearisation of the governing equations expresses the unknown instant state of
a variable aˆ at time (t + ∆t) in terms of its known value a of the instant configuration
at time t and the unknown incremental growth ∆a from time t to t + ∆t. Neglecting all
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higher order non-linear terms the linearised incremental equations follow as:
0 = δW(L∆) + δW(N∆) − δW(L) (5.10)
δW(L∆) = b
∫
Ω0
(
Caijkl ∆E
L
kl
)
δ(∆ELij) dΩ + b
∫
Ω0
(
Cpijkl ∆E
L
kl
)
δ(∆ELij) dΩ
+
∫
Ω0
ξH
(
∂(∆F¯i)
∂(∆uj)
∆uj
)
δ(∆ui) dΩ (5.11)
δW(N∆) = b
∫
Ω0
Saij δ(∆E
N
ij ) dΩ + b
∫
Ω0
Spij δ(∆E
N
ij ) dΩ (5.12)
δW(L) = b
∫
Ω0
Saij δ(∆E
L
ij) dΩ + b
∫
Ω0
Spij δ(∆E
L
ij) dΩ
+
∫
Ω0
ξH F¯i δ(∆ui) dΩ (5.13)
where the subscripts (L∆) and (N∆) indicate the terms to be linear and non-linear in the
displacement increments (∆u), respectively, and subscript (L) denotes quantities which
refer to the known instant configuration at time t, representing the equilibrium of the
previous step. The superscripts (L) and (N) indicate strain tensor split into linear and
non-linear components respectively. The first term of Eq. (5.11) represents the linearisation
of the active stress contribution which follows from the evaluation of the Hill -type growth
model, Eq. (4.11), whereas the second term represents the passive stress contribution
corresponding to a linear elastic material behaviour.
Discrete equations of the staggered solution
The domain is discretised with quadrilateral elements using bi-linear Lagrange functions
to interpolate the unknown displacement increments:
∆u =
n∑
k=1
Nk(x1, x2) ∆Uk = N ∆U (5.14)
δ(∆u) =
n∑
k=1
Nk(x1, x2) δ(∆Uk) = N δ(∆U) (5.15)
where Nk represent the bi-linear shape functions assembled in a matrix N and Uk the
kth unknown nodal degrees of freedom in the plane, assembled in a vector U. Taking the
derivatives of Eq. (5.14) and Eq. (5.15) with respect to the global coordinates provides
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an interpolation rule for the incremental strain coordinates and corresponding variation
which are assembled in matrices BL and BN to account for the linear and non-linear
contributions, respectively. A detailed representation of the interpolation matrices can
be found in e.g. [164]. Substitution of the discretisation into the governing equations
Eq. (5.10) and assembly (Ae) of all elements yields:
Ae{0 = δ(∆U)T (KL + KN) ∆U− δ(∆U)TFint} (5.16)
with the element contributions:
KL = b
∫
Ω0
BTLC
p BL dΩ + b
∫
Ω0
BTLC
aBL dΩ
+
∫
Ω0
ξHN
T ∂F¯
∂U
N dΩ (5.17)
KN = b
∫
Ω0
BTNS
a BN dΩ + b
∫
Ω0
BTNS
p BN dΩ (5.18)
Fint = b
∫
Ω0
BTLSˆ
a dΩ + b
∫
Ω0
BTLSˆ
p dΩ +
∫
Ω0
ξHN
T F¯ dΩ (5.19)
where, Sˆa and Sˆp are the active and passive stress tensors in Voigt notation and F¯ =
λs ∆ denotes the interaction force contribution which results from the bond between focal
adhesion and cell, not to be confused with the deformation gradient F, Eq. (5.3), and
∆ corresponds to the stretch, cf eq. (4.22). The last term of Eq. (5.17) contains the
linearisation of the interaction force F¯ which is evaluated subject to the condition given
in Eq. (4.31), which relates the evolution of stretch and displacement assuming a perfect
bond of the integrins and the cell membrane. Using a first order forward Euler approach,
a numerical approach where the value evaluated at the current time step depends only on
the value in the previous time step, to express the unknown stretch and corresponding
linearisation renders the last integral term of Eq. (5.17) as:∫
Ω0
ξHN
T ∂F¯
∂U
N dΩ =
∫
Ω0
ξH λsN
TN dΩ . (5.20)
Finally, the assembled element contributions result in a linear system of equations repre-
senting the governing incremental equations of the mechanical equilibrium:[
KT
] [
∆U
]
=
[
R
]
(5.21)
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where KT is the tangent stiffness matrix assembled from the linear and non-linear element
stiffness contributions and R is the residual at the beginning of the solution step for the
unknown instant configuration at time t + ∆t. At the end of each time step the known
displacement field is used to evaluate the stretch which allows the computation of the
integrin ratio Eq. (4.23) and thereby to update the higher affinity integrin concentration,
cf. Eq. (4.27).
5.2.5. Monolithic solution approach
The monolithic solution approach solves the mechanical equilibrium and the focal adhe-
sion growth in a common solution step. In addition to the chemo-mechanical equilibrium
Eq. (4.32), the conservation of the total number of integrins, Eq. (4.25), must be satisfied
by the unknown high affinity integrins, which leads to a coupling of mechanical equilib-
rium and focal adhesion growth. The virtual work expression Eq. (5.9) is extended by a
corresponding term from Eq. (4.27):
δW = 0 = b
∫
Ω0
Sij : δEij dΩ +
∫
Ω0
(ξH F¯i) δui dΩ
+
∫
Ω0
ξH δξH dΩ−
∫
Ω0
ξ0
α
1 + α
δξH dΩ . (5.22)
The consistent linearisation of the non-linear equilibrium Eq. (5.22) follows the principles
introduced in sub-section. 5.2.4 and leads to the following contributions:
0 = δW(u)(L∆) + δW(u)(N∆) − δW(u)(L) + δW(ξ)(L∆) − δW(ξ)(L) (5.23)
δW(u)(L∆) = b
∫
Ω0
(
Caijkl ∆E
L
kl
)
δ(∆ELij) dΩ + b
∫
Ω0
(
Cpijkl ∆E
L
kl
)
δ(∆ELij) dΩ
+
∫
Ω0
ξH
(
∂(∆F¯i)
∂(∆uj)
∆uj
)
δ(∆ui) dΩ (5.24)
δW(u)(N∆) = b
∫
Ω0
Saij δ(∆E
N
ij ) dΩ + b
∫
Ω0
Spij δ(∆E
N
ij ) dΩ (5.25)
5. Monolithic and staggered coupling schemes 88
δW(u)(L) = b
∫
Ω0
Saij δ(∆E
L
ij) dΩ + b
∫
Ω0
Spij δ(∆E
L
ij) dΩ
+
∫
Ω0
ξH F¯i δ(∆ui) dΩ (5.26)
δW(ξ)(L∆) =
∫
Ω0
∆ξH δ(∆ξH) dΩ (5.27)
δW(ξ)(L) =
∫
Ω0
ξ0
α
1 + α
δ(∆ξH) dΩ−
∫
Ω0
ξH δ(∆ξH) dΩ (5.28)
where the superscripts (u) and (ξ) indicate the origin of the corresponding work contribu-
tion.
Discrete equations of the monolithic solution
The unknown high affinity integrins of the governing equations are interpolated applying
the same discretisation that is used for the unknown displacement field
ξH =
n∑
j=1
Nj(∆ξH)j = Nˆ ∆ξH (5.29)
δξH =
n∑
j=1
Nj δ(∆ξH)j = Nˆ δ(∆ξH) (5.30)
where Nˆ assembles the bi-linear Lagrange shape functions in a vector and ∆ξH represents
scalar nodal degrees of freedom. Substitution of the discretisation into the governing
equations Eq. (5.23) and assembly (Ae) of all elements yields:
Ae{0 = δ(∆U)T (KuuL + KuuN ) ∆U + δ(∆U)TKuξ ∆ξ (5.31)
+δ(∆ξ)TKξξ ∆ξ − δ(∆U)TFuint − δ(∆ξ)TFξint} (5.32)
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with the element contributions:
KuuL = b
∫
Ω0
BTLC
p BL dΩ + b
∫
Ω0
BTLC
aBL dΩ
+
∫
Ω0
ξH λs N
TN dΩ (5.33)
KuuN = b
∫
Ω0
BTNS
a BN dΩ + b
∫
Ω0
BTNS
p BN dΩ (5.34)
Kuξ =
∫
Ω0
NT Fˆ Nˆ dΩ (5.35)
Kξξ =
∫
Ω0
NˆT Nˆ dΩ (5.36)
Fuint = b
∫
Ω0
BTLSˆ
a dΩ + b
∫
Ω0
BTLSˆ
p dΩ +
∫
Ω0
ξHN
T F¯ dΩ (5.37)
Fξint =
∫
Ω0
ξ0
α
1 + α
NˆT dΩ−
∫
Ω0
NˆT Nˆ ξH dΩ (5.38)
in which the (2N ×N)-matrix Kuξ is a coupling matrix relating the unknown high affinity
integrins to the unknown displacements of the chemo-mechanical problem. Its transpose
Kξu = 0, leads to a non-symmetric system of equations. The system matrices assem-
bled from Eq. (5.33) to Eq. (5.36) and the corresponding system vectors assembled from
Eq. (5.37) and Eq. (5.38) provide the linearised system of equations of the monolithic
solution approach: Kuu Kuξ
0 Kξξ
∆U
∆ξ
 =
Ru
Rξ
 (5.39)
where the incremental displacement field and the incremental high affinity integrins are
solved in the same step. The established monolithic coupling is based on a one-way
dependence of the high affinity integrins on the stretch of the focal adhesion induced
bond.
5.2.6. Feedback loop mechanism
The feedback loop mechanism, described in Section 4.4 relates the calcium growth to the
stress fibre formation in the cell and requires an independent solution of the reaction-
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diffusion equation Eq. (4.35) with the variational representation:∫
Ω
˙¯S (δS¯) dΩ = −D
∫
Ω
∂S¯
∂xi
∂(δS¯)
∂xi
dΩ +R (5.40)
with R = −kd
∫
Ω
S¯ (δS¯) dΩ− ε˙
∫
Ω
S¯ (δS¯) dΩ +
αc
b
max(0, ξ˙H)
∫
Ω
δS¯ dΩ
in which the variation of the IP3 concentration (δS¯) is chosen as appropriate test function,
and D = (ms k T ) is the diffusion coefficient while R denotes the reaction terms. The
analysis domain considers no-flux conditions along the Neumann boundary ΓN and an
initial domain IP3 concentration s0 including the Dirichlet boundary ΓD where s0 is the
reference IP3 concentration, cf Table. 4.1:
−D ∂S¯
∂xi
ni = 0 ∀ xi ∈ ΓN (5.41)
S¯ = s0 ∀ xi ∈ Ω ⊃ ΓD . (5.42)
The change of the IP3 concentration with time on the left-hand side of Eq. (5.40) is
resolved in terms of a first order forward Euler approach:
˙¯S =
S¯(t+ ∆t)− S¯(t)
∆t
:=
S¯ − S¯t
∆t
(5.43)
in which ∆t is the time step increment and S¯t is the known primal field variable of the
previous time step.
The spatial discretisation follows the bi-linear approach introduced in the sub-section 5.2.4
using the interpolation approach Eq. (5.29) and Eq. (5.30) with the shape functions Nˆ and
their corresponding spatial derivatives Nˆ,x resulting in the governing algebraic equations:
Ae{0 = δS¯T (MS¯ + KS¯) S¯ + δS¯T (Ft + FξH ) } (5.44)
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with the element contributions:
MS¯ =
∫
Ω
(
1
∆t
+ kd + ε˙
)
Nˆ NˆT dΩ (5.45)
KS¯ =
∫
Ω
D Nˆ,x Nˆ
T
,x dΩ (5.46)
Ft =
∫
Ω
S¯t
∆t
Nˆ dΩ (5.47)
FξH =
∫
Ω
(αc
b
max(0, ξ˙H)
)
Nˆ dΩ . (5.48)
The governing linear system of equations is solved in each time step to provide the current
IP3 concentration S¯ which is used to predict the calcium production that initiates the
focal adhesion growth. The calcium growth, Eq. (4.36), is solved by an embedded Runge-
Kutta scheme, a single-step approach which approximates the solution considering two
Runge-Kutta estimates of different order to allow for a control of the truncation error
with adaptive step-size [165].
5.3. Algorithmic aspects
The governing algebraic equations of sections 5.2.4, and 5.2.5 reveal the essential differ-
ences between the staggered and the monolithic approaches, and how the coupling of the
chemo-mechanical equations is established. The different schemes have direct effect on the
structure and algebraic properties of the governing system of equations, and thus on the
single solution steps including stability and robustness of the solution. It is to be noted
here that monolithic scheme solves only the mechanical equilibrium and focal adhesion
growth equations in a single step, while the reaction-diffusion equation for IP3 integrins
is solved separately.
The algorithmic structure of the monolithic and staggered solution schemes is depicted
in Algorithms 1 and 2, respectively. Both schemes start with entering a time step loop and
the computation of the stress fibre concentration η, used to update the isometric stress σ0
and thus the active stress σa in the mechanical equilibrium. The stress fibre concentration
η, which is solved by an embedded Runge-Kutta-method [165], requires an update of the
calcium concentration in the cell and thus the evaluation of the current IP3 concentration,
Eq. (4.35), establishing the feedback loop between the focal adhesion formation and the
stress fibre generation.
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Data: model geometry and material parameter values as provided in Table. 4.1 [12]
Result: nodal displacements u and high affinity integrin concentrations ξH and
corresponding increments at time t = tend, assembled in a common
solution vector V := [U; ξH ] and ∆V := [∆U; ∆ξH ], respectively.
% model setup and initialization
setupAnalysisModel();
t = 0;
% incremental time step loop
while t < tend do
% mechanosensitive feedback update: evaluate IP3 concentration, Eq. (4.35)
S¯ = IP3Production(ms, k, T, αc, kd, b, ξ˙H , ε˙(Φ));
% evaluate calcium concentration using an embedded
% Runge-Kutta scheme, Eq. (4.36)
C = calciumConcentration(S¯, S¯0, λf , λb);
% evaluate stress fibre concentration using an embedded
% Runge-Kutta scheme, Eq. (4.1)
η = stressfibreConcentration(λf , λb, C, κ, φ);
% Newton-Raphson iteration until stopping criteria is satisfied
while δi > εr δ
t do
% solution of the governing system of equations Eq. (5.39), quantities refer
to time t+ ∆t
Ki−1 ∆Vi = Fi−1ext − Fi−1int ;
% solution update in iteration i of time step t+ ∆t
Vi = Vi−1 - ∆Vi;
% update of the convergence parameters
δi = max( abs(Ui - Ui−1) );
δt = max( abs(Ui - Ut) );
% increment iteration step
i = i+ 1;
end
% increment time step
t = t+ ∆t;
end
Algorithm 1: Monolithic solution scheme for the analysis of the chemo-mechanical
cell response.
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Data: model geometry and material parameter values as provided in Table. 4.1 [12]
Result: nodal displacements u and high affinity integrin concentrations ξH and
corresponding increments at time t = tend.
% model setup and initialization
setupAnalysisModel();
t = 0;
% incremental time step loop
while t < tend do
% mechanosensitive feedback update: evaluate IP3 concentration, Eq. (4.35)
S¯ = IP3Production(ms, k, T, αc, kd, b, ξ˙H , ε˙(Φ));
% evaluate calcium concentration using an embedded
% Runge-Kutta method, Eq. (4.36)
C = calciumConcentration(S¯, S¯0, λf , λb);
% evaluate stress fibre concentration using an embedded
% Runge-Kutta method, Eq. (4.1)
η = stressfibreConcentration(λf , λb, C, κ, φ);
% Newton-Raphson iteration until stopping criteria is satisfied
while δi > εr δ
t do
% solution of the governing system of equations Eq. (5.21), quantities refer
to time t+ ∆t
Ki−1 ∆Ui = Fi−1ext − Fi−1int ;
% solution update in iteration i of time step t+ ∆t
Ui = Ui−1 - ∆Ui;
% update of the convergence parameters
δi = max( abs(Ui - Ui−1) );
δt = max( abs(Ui - Ut) );
% increment iteration step
i = i+ 1;
end
% update high affinity integrins using equations Eq. (4.24) and Eq. (4.27)
ξH = f(ξ0,∆(U))
% increment time step
t = t+ ∆t;
end
Algorithm 2: Staggered solution scheme for the analysis of the chemo-mechanical
cell response.
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The monolithic scheme solves the unknown displacement field and high affinity inte-
grins together using an incremental iterative Newton-Raphson method. In each iteration
step, the tangent matrix and inner forces are updated with the total displacements to
account for the non-linear cell deformation. In contrast, the staggered scheme solves only
for the unknown displacement field within the Newton-Raphson iteration using the high
affinity integrin concentrations of the previous time step. The integrins of the current step
are updated in a follower step on basis of the current displacements.
Both algorithms use a convergence criteria which is exclusively based on the computed
total displacements which is a natural choice for the staggered scheme but also a reasonable
choice for the monolithic scheme since the high affinity integrins are directly dependent
on the stretch and therefore dependent on the displacement field. An error constant εr of
order 10−3 appeared sufficient in all computations to ensure robustness and reliability of
the non-linear analysis.
5.4. Numerical Experiments
In this section, numerical experiments are performed to study the solution properties of
the staggered and monolithic coupling approaches. Performance aspects for the different
solution methods with respect to stability and numerical reliability are considered. To this
end, the model is refined in space and time and tested for different levels of refinement.
Next, the robustness of the two solution methods for different model configurations con-
sidering variation of dominant model parameters is studied. Finally the problem of stress
fibre reorientation is considered to study the behaviour of solution schemes.
5.4.1. Convergence properties
The analysis domain subjected to study is depicted in Fig. 5.3 with the model properties
provided in Table. 4.1. In the numerical examples presented in this chapter, this choice
of parameters are denoted as base configuration. Symmetry boundary conditions were
applied along the left and lower boundary and zero traction boundary conditions were
applied along the right and upper domain boundary. The model is loaded by an initial
IP3 concentration s0 which triggers the growth of the feedback loop coupled with active
stress and focal adhesion.
The focal adhesion growth is expected to form towards the boundary of the cell. Ac-
cordingly, the initial finite element mesh was refined adaptively towards the domain bound-
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Fig. 5.4: Finite element meshes with 64 elements (mesh 1), 256 elements (mesh 2) and
576 elements (mesh 3).
ary and three different meshes were considered, cf. Fig. 5.4. It is noted that the same
discretisation was used for both sub-models, the elasticity problem and the focal adhesion
growth problem. The total time span of the simulation, needed to account for a steady-
state solution, varies for the different model parameters between 200s and 4000s. The
time step size was chosen in the interval [0.5s, 4.0s].
ξH
1.000
0.750
0.500
0.006
t = 20s t = 100s t = 500s
Fig. 5.5: Focal adhesion growth on the deformed cell at different time steps (scale factor
= 14), superimposed on reference mesh. Focal adhesion concentration increases
along the boundary with time.
The expected focal adhesion growth is evident from the results shown in Fig. 5.5. It
represents the temporal evolution of the focal adhesion formation on the deformed cell at
different time steps of the parameter base configuration.
The stress fibre growth for the base configuration is depicted in Fig. 5.6, indicating
convergence for both solution schemes for chosen time step ∆t = 0.5 s. The refined
mesh (mesh 2) shows virtually identical results for the staggered and monolithic solution
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methods. Even for the unrefined mesh (mesh 1), the results of the two methods have
a relative difference of less than 3%. The good match of the staggered and monolithic
solution scheme was observed throughout all computations which led to the same steady-
state solution, irrespective of the value of the chosen time step.
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Fig. 5.6: Mesh refinement study for stress fibre growth - base
configuration. Monolithic and staggered solutions converge to
each other with mesh refinement.
The need for mesh refinement is evident with the results depicted in Fig. 5.6. A linear
convergence rate for stress fibre concentration η was observed for all problems, showing
a model error of ≈ 2% for the finest discretisation using corresponding estimates for the
exact steady state solution based on a Richardson extrapolation [166]. The convergence of
the stress fibre concentration at the mid-point of the domain boundary is given in Fig. 5.7.
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∆t = 0.5s
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Fig. 5.7: Convergence of the stress fibre concentration with mesh refinement. The
solution for the finest mesh is close to the extrapolated value.
In Fig. 5.8(a), the stress fibre growth is shown for a modified Hill constant k¯v, reduced
from k¯v = 10 to k¯v = 1, with the effect that the steady-state solution is obtained already
after one-third of the simulation time of the base configuration, cf. Fig. 5.6. An increase
of the time step size from 0.5s to 2s has no influence with respect to convergence behaviour
and the value of the steady-state solution.
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Fig. 5.8: Comparison of staggered vs. monolithic schemes for different mesh refinements.
By changing the values of model parameters k¯v and ε˙0, the maximum time step
that could be used with the staggered solution for it to converge to monolithic
solution upon mesh refinement, limits to (a) 2s and (b) 0.5s.
The increase of the strain rate from ε˙0 = 2.8e− 4 to ε˙0 = 0.01 accelerates the growth
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of the stress fibre concentration even more as shown in Fig. 5.8(b). Both modifications of
the base configuration lead to an increased stress fibre concentration of about 8%, which
indicates a reduction of the stress fibre dissociation due to an increased active stress level,
and thereby an increased activation rate. The difference in the rate of stress fibre formation
can be correlated to the observation made in Chapter 3, where osteoblast cells were found
to respond slower compared to fibroblast cells. Thus, by changing the parameters, the
model can simulate behaviour of different cell types.
Next,the influence of the time step size on robustness, reliability and numerical effort
of the analysis is considered. Time steps ∆t of 0.5s, 1s, 2s and 4s were taken and a
robust solution was obtained for the base configuration. Even for a time step of ∆t = 6s,
convergence was achieved with both schemes but only for the base configuration whereas
in all other parameter configurations only the monolithic scheme succeeded. The models
with modified Hill-coefficient and strain rate, depicted in Fig. 5.9(a) and Fig. 5.9(b),
respectively, showed a different behaviour. For a Hill-coefficient k¯v = 1.0 the staggered
scheme failed to compute a steady-state solution for ∆t = 4s. The failure occurred during
the Newton-Raphson iteration which was used for the solution of the non-linear equilibrium
equations. In the case of increased strain rate to ε˙0 = 0.01, the staggered scheme failed
already for ∆t = 2s, and oscillations were found even for ∆t = 1s.
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Fig. 5.9: Comparison of staggered vs. monolithic schemes for different time step
increments, finest mesh. Staggered scheme does not converge in case when the
time step is increased to (a) 4s while oscillations are seen even at 1s in case (b).
In sum, the robustness of the staggered scheme was weaker than that of the monolithic
scheme and showed some discretisation sensitivity in terms of an oscillatory behaviour
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already at a time step size ∆t = 1s, cf. Fig. 5.9(b), and aggravated for larger time step
sizes as depicted in Fig. 5.10. This behaviour was not observed in any computation with
the monolithic scheme, irrespective of the chosen time step size and mesh density.
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Fig. 5.10: Oscillatory behaviour of the staggered solution scheme. Oscillations are found
with staggered solution even with the coarsest mesh.
The higher robustness of the monolithic scheme compared to the staggered scheme is
clearly visible from the comparison of Fig. 5.11 which shows virtually no difference in the
focal adhesion growth for the staggered solution scheme using a time step of ∆t = 0.5s
and for the monolithic approach with a time step ∆t = 4s.
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(a) staggered solution, ∆t = 0.5s (b) monolithic solution, ∆t = 4.0s
Fig. 5.11: Focal adhesion growth for staggered and monolithic methods at t = 2000s. No
difference is found between the solution obtained by (a) staggered scheme with
a time step of 0.5s and (b) monolithic scheme with a time step of 4s.
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5.4.2. Cyclic loading
In this section, the staggered and monolithic solution schemes will be tested for the cyclic
loading test as described in Sec. 4.5. The solution of the numerical problem shows that
during the unloading phase, the stress fibre concentration along the direction away from
the loading direction is higher than that of the loading direction. This behaviour is visible
from Fig. 5.12 where the φ = 90◦ curves cut the φ = 0◦ curves at the level of η ≈ 0.2
which was simulated by both solution schemes but at different conditions. In Fig. 5.12,
the stress fibre concentration for the steady state response is depicted after 1500s in the
direction of loading (φ = 0◦) and perpendicular to it (φ = 90◦). The chosen time steps of
∆t = 4s for the monolithic scheme and ∆t = 1s for the staggered scheme reveal differences
in amplitude and phase. The large time step size of the monolithic scheme exceeds the
core length (d = 3s) of the trapezoidal loading function which leads to a constant phase
shift. For smaller time steps ∆t ≤ 2s the response curves are congruent.
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Fig. 5.12: Cyclic loading response with cyclic load function (black solid line), with an
amplitude of 0.32, applied along φ = 0◦. At the unloaded position, the
concentration of stress fibre is lower along the loading direction than its
orthogonal direction. The phase shift between staggered and monolithic
solutions comes due to the higher time step used.
It can be observed from the circular histograms, Fig. 5.13, that both staggered and
monolithic solvers show similar behaviour qualitatively even though the time step used are
1s and 4s respectively. The computation of the stress fibre concentration at each angle
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and time step is computationally intensive but can be eased by using higher time step
increments as is possible with the monolithic solver.
t = 110s t = 1980s
(a) monolithic, ∆t = 4s
t = 110s t = 1980s
(b) staggered, ∆t = 1s
Fig. 5.13: Circular histograms – qualitative comparison of stress fibre growth subjected
to cyclic loading along the horizontal direction (←→) show similar behaviour
even with different time steps used.
5.4.3. Performance aspects
It is worth noting that the system of equations of the monolithic scheme, Eq. (5.39), has a
factor 1.5 more degrees of freedom than the system of equations of the staggered scheme,
Eq. (5.21), which is solved in two independent steps considering matrices of dimensions 2N
and N . Furthermore, the monolithic scheme cannot exploit symmetry properties during
the solution process. As a consequence of the different scales involved in the solution of
the mechanical response and the focal adhesion concentration, the system matrices are ill-
conditioned. Despite a pre-conditioning prior to the solution, a severe numerical sensitivity
remains which is reflected in the large number of iterations needed by the Newton-Raphson
method to obtain equilibrium in each step, cf. Fig. 5.14. Direct solver was used for
both methods to account for sufficient stability. The higher numerical effort needed to
factorize the non-symmetric system matrix of the monolithic scheme compared to the
smaller and symmetric system matrix of the staggered scheme was easily compensated by
the significantly larger time step that could be used in the monolithic scheme. Regarding
the numerical complexity of the two solution schemes, the monolithic method saves a
factor > 3 which pays off for the considered time spans. Thus, in all the computations
tested with temporal and spatial discretisations, monolithic scheme exhibited to be more
stable at a slightly fewer number of iterations.
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5.5. Summary
In this chapter, different coupling schemes, used for solving the bio-chemo-mechanical
model introduced in Chapter 4 have been studied. Variationally consistent continuum
formulations coupling the different physics in terms of monolithic and staggered numerical
solution schemes have been derived. The difference in the way the governing equations
were coupled limited the value of the time step that could be used for staggered scheme,
while, the value of the time step used did not have a significant effect on the monolithic
scheme. The algorithmic description of the two solution procedures have been provided
as well. The variational formulation of the reaction-diffusion model for the feedback loop
mechanism has been developed as well. The two derived solution schemes were compared
by studying the growth of stress fibre concentration in the cell over time and the numerical
performances of these two methods were compared. The space and time refinement showed
that staggered coupling scheme failed to provide a steady-state solution with increase in
time-step size and showed a distinct mesh sensitivity which was observed already at smaller
time steps. The stress fibre reorientation problem was studied for the effect of different
time step sizes. It was observed that the qualitative behaviour of staggered and monolithic
solvers were same, even though the time steps used were 1s and 4s respectively. Thus,
to be able to apply the numerical model to predict the behaviour of any type of cell, it
is necessary to have a solution scheme which is robust for any parameter values used. In
this regard, monolithic coupling plays a crucial role.
6. Conclusion
6.1. Discussions
During the course of the thesis, biological experiments and numerical simulations were
performed to understand the cell reorientation phenomenon. Observations from the ex-
periments and the solutions obtained from the numerical model were compared. The
solution schemes that could be followed to solve the coupled system of equations were
analysed.
As mentioned in Chapter 1, to understand the complex behaviour of living organisms
from the cellular level to that of an organism, the study has to be multi-disciplinary. Appli-
cation of concepts of mechanics to biological materials, cell mechanics and biomechanics,
have helped in understanding the responses of cells and organs to external mechanical
forces. It has been found that mechanical properties of cells change during diseases such
as asthma, and cancer. Thus, by observing the process of variation of mechanical prop-
erties, it might be possible to predict the final state of the cell, and thereby prevent the
disease from spreading. In this regard, there have been many in vivo and in vitro experi-
ments designed to understand the nature of cellular responses to a variety of mechanical
stimuli. In addition, with advancements in numerical techniques and computational tech-
nologies several numerical models have been developed to simulate such cell behaviours,
to be able to predict their response, and thereby prevent diseases. Thus, the principal
aim of the thesis was to develop a numerical model to simulate the response of cells to a
variety of mechanical loadings and validate them through experiments.
As explained in Chapter 2, cells are made up of cytoskeleton, which is responsible for
their structural integrity. For a cell to survive, they have to attach to ECM. The bond
between the cell and the ECM is developed by focal adhesions, which contain mechanosen-
sitive proteins called integrins. The mechanotransduction process starts with the response
of these integrins to external mechanical stimuli. Response to such stimuli leads to several
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bio-chemical reactions resulting in the growth of focal adhesions. As a consequence of the
focal adhesion formation, actin and myosin proteins within the cytoplasm form a bond
to form stress fibres. These stress fibres are usually found to extend from one end of the
membrane to the other, terminating at focal adhesions. To understand the mechanisms
involved in the formation of focal adhesion and stress fibres, several experiments, with a
variety of stimuli mechanisms, have been performed. Some of them aimed at studying
stress fibres only while some in studying focal adhesions. In addition, the crosstalk be-
tween stress fibres and focal adhesions has been studied in detail as well. The important
observation from these experiments is that the behaviour of cells depend on the mechan-
ical properties of its surroundings in addition to the stimuli it experiences. Along with
the experimental techniques, numerical models have been developed to simulate the cell
behaviour. In this regard, there are a few models simulating focal adhesions, while some
simulate stress fibres. There are a few models that can simulate their interaction as well.
One of the experimental techniques used to study the response of cells to external
stimuli is the in vitro cyclic stretching experiments. In this experimental procedure, cells
attached to an elastic membrane reorient based on the magnitude and direction of cyclic
loading parameters. In order to perform such experiments, a device, cell stretcher, which
can apply a desired cyclic loading is needed. Thus, in chapter 3, a DIY design of the
cell stretcher has been detailed and the process to be followed for additive manufacturing,
following 3D printing, of the device has been explained. Since cells need to be adhered to a
substrate, PDMS, a bio-compatible material with well characterised mechanical properties
is used. The design of the mould used for the fabrication of PDMS substrate creating a well
in the centre helped in preventing the cell solution spill. In addition, the right combination
of the PDMS attachment clamps in the cell stretcher, and the design of the PDMS mould
resulted in a well characterised strain field in the region where cells were cultured. Two
stepper motors were used, controlled by an Arduino to apply the required cyclic load to
cells. A combination of the nut and bolt mechanism was used as a linear actuator. The size
of the device was limited to the size of a standard 96-well plate in order to be able to use it
with any microscope systems. It was possible to place the cell stretcher inside the onstage
incubator system of the EVOS fluorescence microscope thus enabling the live imaging of
the cells. Using the cell stretcher thus built, uniaxial cyclic stretching experiments have
been performed on two types of cells, NIH3T3 fibroblasts and MC3T3 osteoblasts.
The response of these cells subjected to uniaxial cyclic loading was similar to that
observed in the literature; they reoriented away from the direction of loading. The mag-
nitude of orientation was found to depend on the amplitude of the cyclic loading. Thus,
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when the cells were subjected to 7% stretch and 20% stretch, stress fibres were found to
have a dominant angles of 50◦, and 65◦ for fibroblasts while osteoblasts exhibited angles of
55◦, and 62.5◦ respectively. Quantitative analysis of actin staining, representing the stress
fibres, performed using ImageJ showed that the circularity of cells increased when they
experience low amplitude cyclic loads (OL, FL), while it reduced significantly with an in-
crease in the amplitude. In fact the value of the circularity obtained with high amplitude
cyclic loads (OH, FH) was lower than that evaluated with no loading. Evaluation of the
average value of cos2θ showed that with an increase in the amplitude of cyclic load, orien-
tation of cells become less uniform and more dominant at particular angles. Even though
fibroblast and osteoblast cell types have different physiological functions, the stress fibres
are made up of actin-myosin cross bridge. Thus, by performing experiments on these two
types of cells, it was possible to observe the difference in their response to same loading
cycles.
Imaging cells through PDMS helped in understanding their response over time. It was
observed that, in general, the response of osteoblast cells was slower than the fibroblast
cells. It was observed that, for the same cyclic loading to the substrate, cells were found
to have reoriented by 5 hours in case of fibroblasts while osteoblasts’ response needed 8
hours. Due to the auto-fluorescence of PDMS at the low end of the light spectrum, it
was not possible to observe the behaviour of response of stress fibres to such loading over
time, using the fluorescence microscope. Fixing the cells after stretching and staining for
actin and nucleus showed that even nucleus undergo reorientation and stretch due to such
cyclic loadings, as seen in Fig. 6.1, whereas the fixed images of unstretched cells do not
show such elongations as seen in Fig. 6.2. Though the exact mechanism involved in the
nuclear deformation is not clear, it can be thought of as a reaction to the deformation of
the cytoskeleton [20, 122].
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(A) (B)
Fig. 6.1: Nucleus orientation and elongation due to applied cyclic load in (A)
Osteoblasts and (B) Fibroblasts. Scale bar = 20µm. Direction of loading ←→.
(A) (B)
Fig. 6.2: Undeformed nucleus in its reference unloaded state in (A) Osteoblasts and (B)
Fibroblasts. Scale bar = 20µm.
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Though the cyclic stretching experiments are performed in vitro, the response of cells
to in vivo loading conditions can be predicted using suitable mathematical models. In
this regard, in chapter 4, a model was developed as an extension of already existing stress
fibre and focal adhesion growth models to include the feedback loop and use them to
simulate the cyclic loading experiments, as performed in Chapter 3. Stress fibre growth was
modelled as a first order ODE, where the active stress in the stress fibre, depending on the
strain and the strain rate, and the calcium concentration, affected the instantaneous stress
fibre concentration. Noting the similarities of stress fibres to muscle sarcomeres, a smooth
non-linear Hill-type strain rate dependent function was used for the active stress. The
total stress in the cell was assumed to be the sum of the active and passive stresses, where
passive stress, assumed linear elastic, comes from the contribution of other components
within the cytoplasm. Cells can sense the properties of the extra cellular matrix through
the mechanosensitive proteins called integrins. The chemical potential of each of the
integrins, low affinity and high affinity integrins, was evaluated, and an assumption that
these two integrins were in thermodynamic equilibrium allowed their inter-conversion.
The evaluated focal adhesion concentration was used to apply the traction force on the
cell, and the mechanical equilibrium could be solved, thereby including the effect of focal
adhesion growth on the equilibrium of the cell. Focal adhesion and stress fibre growths were
not independent phenomenon. It was observed that there exists a feedback mechanism
between them, which was included in the numerical model through a diffusion equation
for the cytoplasmic calcium concentration, thereby explicitly affecting the stress fibre
concentration due to focal adhesion growth. This resulted in a model with closed loop for
the calcium signalling depending on the focal adhesion growth, which further affected the
concentration of stress fibres.
The importance of the feedback loop has been shown through a numerical example,
where the solution to a problem mimicking application of displacement to cell by optical
tweezers is found. The growth of high affinity integrin concentration showed the need
of a feedback loop in simulating the right physics of the cell behaviour. In addition,
through a feedback loop, it was possible to bring the connection between focal adhesion
and stress fibre concentration, as observed in ROCK inhibition simulation. The focal
adhesion growth test on a square domain showed that the concentration of high affinity
integrins, indicating focal adhesion, is higher on the boundary of the cell, as observed in
experiments. By adding the substrate stress to the total stress in the cell, it was possible
to simulate cyclic stretching experiments. The elastic substrate was subjected to uniaxial
and biaxial cyclic loadings which resulted in heterogeneous distribution of stress fibre
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concentration. Solution to the problem of uniaxial cyclic loading showed that the stress
fibre concentration reduces along the direction of loading with increasing amplitude, and
therefore the stress fibre distribution appear to align away from the loading direction.
But in the case of biaxial loading, stress fibre concentration did not show a preferred
dominant direction. The response of the model to changes in substrate stiffness showed
that the effect of cyclic loading is higher with increasing substrate stiffness. Solutions for
the numerical problems were obtained by solving the coupled system of equations through
a monolithic coupling scheme with small strain assumption.
Fig. 6.3: Circular histogram obtained by simulation of stress fibre growth due to
increasing amplitude of cyclic load. CV indicates circular variance for each
loading amplitude. CV reduces with increase in amplitude of cyclic load.
Direction of loading ←→.
CV=0.89
Load case FL (7% stretch)
CV=0.83
Load case FH (20% stretch)
Fig. 6.4: Circular histograms obtained from experiments on fibroblasts for different
amplitudes of cyclic load. CV indicates the circular variance. CV reduces with
increase in amplitude of cyclic load. Direction of loading ←→.
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In Chapter 3, it was observed that, cyclic loading not only affects the stress fibres, but
also the geometric properties of the nucleus. In the mathematical model introduced here,
this aspect was neglected. In addition, the cell was assumed to be symmetric, leading to a
symmetric circular histogram, as shown in Fig. 6.3. But, the circular histograms obtained
from experimental observations in Chapter 3, were not symmetric, as shown in Fig. 6.4.
Even with these assumptions, the numerical model could be used to solve a variety of
bio-chemo-mechanical problems, which have been exhibited through the numerical exam-
ples, validating the solution with experimental observations qualitatively. In addition,
the circular variance (CV) evaluated for both experimental observations and numerical
simulations showed a decrease with an increase in loading amplitude.
The phenomenological model for the stress fibre, focal adhesion growth including the
feedback loop leads to a coupled system of equations. It has been observed in the liter-
ature that the coupling scheme used for solving such a coupled problem has an effect on
the robustness of the solution. In this regard, in Chapter 5, different coupling schemes,
staggered and monolithic, were considered to solve the coupled system of equations. Even
though small strain formulation was considered for the analysis presented in Chapter 4, for
the sake of completeness, and to consider the effect of large displacements occurring during
the biological experiments, large displacement formulation was considered for numerical
analysis in chapter 5. But, it was later found that the large displacement formulation did
not have any considerable effect on the solution to the numerical problems presented in
Chapter 4. The main difference between staggered and monolithic coupling schemes is
that in staggered coupling, the mechanical equilibrium was solved taking the high affinity
integrin concentration from the previous time step while in the case of monolithic coupling,
both, displacement and high affinity integrin concentrations were solved simultaneously.
Thus, in order to solve for both the degrees of freedom in a single step, a coupled stiffness
matrix is obtained, which is 1.5 times larger than that obtained by staggered coupling.
The two step process followed by the staggered coupling scheme limits the value of the
time step that can be used. In the case of monolithic scheme the value of the time step
was found to have a negligible effect on the solution. In this regard, numerical examples
were solved for changing parameter and time step sizes to study their effect on each of
the coupling schemes. As discussed in Chapter 3, based on the physiological activities a
particular cell type perform, the rate of stress fibre growth differs. In the phenomenolog-
ical model presented in Chapter 4 and analysed in Chapter 5, different cell types could
be simulated by changing the parameters, Hill constant k¯v, and strain rate constant ε˙0.
Solutions showed that, these parameters influence the speed of convergence of the solution
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schemes to a steady-state solution. All tests showed a widely congruent result for a large
time step monolithic solution in comparison with a small time step staggered solution,
the latter showing reliability only for small time steps. Focal adhesion concentration ob-
tained by monolithic coupling with a time step of 4s showed no difference when compared
with that obtained by staggered coupling with 0.5s time step. The solution obtained with
monolithic and staggered coupling schemes for stress fibre growth during cyclic loading
simulations were found to give same results qualitatively even with different time step
sizes. Thus, the monolithic scheme proved to be more robust compared to the staggered
solver when solving the coupled equations of the bio-chemo-mechanical model including
the feedback loop.
In sum, the cell stretcher device has been used to perform uniaxial cyclic loading
experiments on the cell. The results obtained from the experiments could be compared
with the solutions obtained by the phenomenological model developed for the stress fibre
coupled with focal adhesion growth along with a feedback loop. The monolithic scheme for
coupling the system of equations proved to be the robust way of coupling. Thus, with the
experimental and numerical tools in hand, it is now possible to perform more biological
experiments on stress fibres and focal adhesion and compare them with the numerical
results. The experimental results can be used to upgrade the model if necessary, and the
results from simulation could be used to design experiments as well.
6.2. Future Work
In this thesis, the uniaxial cyclic stretch experiments have been performed on fibroblast
and osteoblast cells, which have been used successfully to validate the results obtained
by numerical simulations. But, there are many possibilities where both experiments, and
numerical modelling can be extended and thereby improved.
Experiments
1. Since the screw used in the rotary-linear conversion mechanism is 3D printed, there
is a possibility that 1mm pitch might be a bit off, due to the errors occurring during
printing. In addition, when the part is printed again, there is a possibility that the
part might not be replicated accurately. Thus, either by using more accurate 3D
printers or by using metal bolts, this source of error could be removed.
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2. The cell stretcher which is built using the additively manufactured parts using the
3D printing technology is a cheap DIY solution to the very expensive commercial
alternatives available in market. But, currently the design and the components used
can provide cyclic load with mHz frequency only. This can be increased to Hz range
either by changing the motor that is used, or by changing the pitch of the bolt that
is used. Since the human body experiences cyclic load in frequency range of Hz, the
in vitro experiments performed with frequency in Hz range would be closer to the
in vivo loading experienced by a human body, and experiments could be performed
on different cells such as endothelial cells.
3. PDMS mould can be redesigned to have partitions within the area where cells are
cultured, as for e.g. done in [167]. Since the strain in each of the smaller areas can
be accurately evaluated, the results can be used as different samples and can be used
for statistical analyses.
4. Once the experiment is completed, the cells are fixed and stained for actin. The
final stage of the fixing and staining process is to attach the PDMS to a glass cover
slip. During this manual process, there is a high possibility of not attaching the
PDMS membrane exactly parallel to the cover slip edges. This results in error
while measuring the angles after microscopy imaging. In order to overcome this
issue, a square raster image drawn on the acrylic in the PDMS mould, which is
thereby printed on the PDMS is used for alignment. Though this seems to be a
good way of alignment, the accuracy can be improved using some micro structure
in the centre of the PDMS which can provide accurate references for horizontal and
vertical alignments.
5. PDMS can be prepared by changing the ratio of curing agent to the elastomer liquid,
giving different mechanical properties. Thus, experiments could be performed for
varying substrate stiffness without any other changes.
6. The cell stretcher can be used to study the behaviour of cells on micropillars sub-
jected to cyclic loading, as previously performed by [168]. The acrylic present in the
centre of the mould can be modified to obtain micropillars in the well region of the
PDMS substrate. Cells can be cultured in this region following the same procedure
as followed in this thesis. The cyclic loading experiments on micropillars could lead
to understand more about the role of focal adhesion on stress fibre growth and vice
versa.
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7. Since it is very easy to change the stiffness of the micropillars, different cases of load-
ing and substrate conditions can be tested to understand the orientation behaviour
of cells, based on applied strain and stress.
8. It might be interesting to observe the behaviour of calcium ions within the cytoplasm
during cyclic loading and use the result to validate the model.
Numerical modelling
1. The model currently implemented can only experience isotropic stress from the sub-
strate. The implementation could be extended to understand the behaviour of cells
subjected to anisotropic substrate stress including anisotropic initial concentration
of focal adhesion.
2. Simulation of cells placed on micropillars and subjected to cyclic loading would be
another extension possible, as previously attempted on a grooved substrate by [169].
The displacement obtained by micropillar tracking experiments could be used as the
Dirichlet boundary condition for the simulation.
3. As observed in [114], due to the dissociation of stress fibres when cells are subjected
to a constant strain, the strain dependence function should be modified to include
such a behaviour.
4. The future implementations have to consider improving the conditioning of the stiff-
ness matrix.
5. Calcium concentration solved simultaneously with displacement and focal adhesion
concentration can be used to predict the behaviour of calcium ions within cytoplasm
for different loading conditions. This might be useful in the study of diseases such
as diabetes and other heart related diseases.
6. Sophisticated focal adhesion-substrate bond model could be implemented, and along
with the feedback loop, this would affect the behaviour of stress fibres too.
7. The model which includes the feedback mechanism, can now be extended to solve
cell motility problems, and thereby simulate durotaxis.
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8. In a larger context, model should be able to predict the behaviour of cells subjected
to in vivo loadings, for example the displacement and force readings obtained from
Gait analysis for bone cells.
9. As a bigger picture to the extension of this research, cell-cell interaction could be
considered, and the model could be solved in a full 3D context including shear flow.
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6.3. Summary : A Poem
A cell’s response to stimuli
Cells, fundamental to living, yet intricate
have to survive without changing their fate.
How to understand them without apoptosis
is a million dollar question for the biologists.
They endure push and pull from the matrix, extra cellular
causing actin-myosin proteins to develop stress fibre.
They alter themselves along with the matrix around
due to mechanosensitive proteins, integrins, that are bound.
Apply cyclic load in one direction, they align away
irrespective of the cell type that is chosen as prey.
With an increase in amplitude, reorientation is higher
since they strain avoid to form stress fibres and live longer.
Developing mechanical models to simulate the behaviour
helps us to preform in vitro experiments with a new flavour.
The phenomenological model for stress fibre and focal adhesion
predicts right responses with feedback loop used for completion.
The coupled system of equations can be solved monolithically
which solves for a range of parameters and time steps robustly.
Modelling to bolster, questions in biology can see new answer
to help prevent and cure diseases that have troubled us forever
to make the earth a healthy planet for now and forever.
7. Appendices
7.1. Runge-Kutta Methods
Runge-Kutta methods are an important class of numerical methods used to find approx-
imate solutions of ordinary differential equations. They were initially introduced by Carl
Runge and Martin Kutta [170]. The main principle behind such methods is to approximate
the integral according to some quadrature rule. Since it is possible to reduce higher order
differential equations to a set of first order differential equations, Runge-Kutta methods
are applicable for higher order differential equations as well. Consider the initial value
problem (IVP):
y˙ = f(t, y(t)). (7.1)
The general solution can be written as
y(tn+1) = y
n +
∫ tn+1
tn
f(t, y(t)) dt. (7.2)
The integral can be approximated according to some quadrature rule as,∫ tn+1
tn
f(t, y(t)) dt ≈ h
m∑
l=1
γlkl (7.3)
where γl are certain weights, h is some time step and kl are certain function evaluations
kl = f(t, yˆ(t)) and l = 1...m. Substituting Eq. 7.3 in Eq. 7.2, results in the so called
m-stage Runge-Kutta method:
yn+1 = yn + h
l=m∑
l=1
γlkl (7.4)
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Based on the choice of m, γ and k, different quadrature approximations can be obtained.
The choice m = 1, γ1 = 1, k1 = f(tn, y
n) yields
yn+1 = yn + hf(tn, y
n)
which represents explicit Euler scheme, while the choice m = 2, γ1 = 0, γ2 = 1, k1 =
f(tj, y
j), k2 = f(tj +
h
2
, yj + h
2
k1) yields
yn+1 = yn + hk2 +O(h
3)
which corresponds to improved Euler method. Continuing this scheme, the classical
Runge-Kutta or the fourth order Runge-Kutta method (RK4) can be obtained by choosing
k1 = f(tn, yn)
k2 = f(tn +
h
2
, yn +
k1
2
)
k3 = f(tn +
h
2
, yn +
k2
2
)
k4 = f(tn + h, yn + k3)
yn+1 = yn +
k1
6
+
k2
3
+
k3
3
+
k4
6
+O(h5)
(7.5)
It can be seen that the RK4 method requires 4 function evaluations, and has an error of
order 5. Based on this, explicit and improved Euler schemes can be termed RK1 and RK2
respectively. The general expression for the function evaluation can be written as
ki = f
(
tn + αih, y
n + h
m∑
l=1
βi,lkl
)
, i = 1, ...,m. (7.6)
The coefficients used in the general expression, αi, βi,l, along with the weights γl can be
organised in a table known as Butcher table, as shown in Table. 7.1.
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α1 β1,1 . . . β1,m
α2 β2,1 . . . β2,m
. . .
. . .
. . .
αm βm,1 . . . βm,m
γ1 . . . γm
Table 7.1: General representation of Butcher table
For explicit Runge-Kutta method, since ki can be computed using k1, ...ki−1, the
Butcher table reduces to Table. 7.2
α1
α2 β2,1
α3 β3,1 β3,2
. . .
. . .
. . .
αm βm,1 . . . βm,m−1
γ1 . . . γm
Table 7.2: Butcher table for explicit RK method
Thus, for Euler method, m = 1, the Butcher table reduces to Table. 7.3
0
1
Table 7.3: Butcher table for explicit Euler method
while RK4 method can be represented by Table.7.4.
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0
1
2
1
2
1
2
0 1
2
1 0 0 1
1
6
1
3
1
3
1
6
Table 7.4: Butcher table for RK4 method
7.1.1. Embedded Runge Kutta Scheme
This scheme of Runge-Kutta method involves combining two RK schemes such that some
or all ks match, in order to obtain a higher accuracy with a lower order function evalu-
ations. The most popular embedded Runga-Kutta method is the RK4(5) scheme, where
RK4 and RK5 are combined. The ODE45 function in Matlab (MathWorks), uses Cash-
Karp algorithm for the RK4(5) method. The butcher table is given in 7.5. The local
truncation error is estimated using order 6.
0
1
5
1
5
3
10
3
40
9
40
3
5
3
10
−9
10
6
5
1 −11
54
5
2
−70
27
35
27
7
8
1631
55296
175
512
575
13824
44275
110592
253
4096
RK4 37
378
0 250
621
125
594
0 512
1771
RK5 2825
27648
0 18575
48384
13525
55296
277
14336
1
4
Table 7.5: Butcher table for RK4(5) scheme
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7.1.2. Adaptive step size control
The aim is to obtain the necessary result with desired accuracy using only necessary
number of steps. That is the solution begins with an assumption of time step h. The
value is evaluated at the next time step and local error is found. If the error is found
to be less than the tolerance, then the step size chosen in necessarily less than required.
Hence the time step is increased. If the error is higher than the tolerance, the time step
is decreased and solution is progressed [165]. The ODE45 function used for integration in
matlab uses RK4(5) function with adaptive step size control for integration.
7.2. Richardson extrapolation
If a sequence of approximations with different values of h is given as y(f ;h), y(f ; h
2
),
y(f ; h
4
), ... The error for the trapezoid rule with step h can be written as
E(f ;h) = I(f)− y(f ;h) = a2h2 + a4h4 + a6h6 + ... (7.7)
while the error with step h
2
can be written as
E(f ;
h
2
) = I(f)− y(f ; h
2
) = a2
h
2
2
+ a4
h
2
4
+ a6
h
2
6
+ ... (7.8)
The exact integrals can then be written as
I(f) = y(f ;h) + a2h
2 + a4h
4 + a6h
6 + ...+ anh
n
I(f) = y(f ;
h
2
) + a2
h
2
2
+ a4
h
2
4
+ a6
h
2
6
+ ...+ an
h
2
n (7.9)
Performing right manipulations such that the leading error term cancels leads to
(22 − 1)I(f) = 22T (f ; h
2
)− T (f ;h) + a′4h4 + a¯6h6 + ...+ a¯nhn (7.10)
Neglecting all the higher order error terms,
I(f) =
1
(22 − 1)
(
22T (f ;
h
2
)− T (f ;h)
)
(7.11)
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A similar expansion performed for 4th order Runge-Kutta scheme leads to
I(f) =
1
(24 − 1)
(
24T (f ;
h
2
)− T (f ;h)
)
(7.12)
7.3. 3D Printing
3D printing technology is a method of additive manufacturing, which has gained popularity
in the recent times because of its cost effectiveness, simplicity and durability. One of the
most famous printers today is the Ultimaker FDM 3D printer. In this printer, a plastic
material in the form of solid tube is pushed into a nozzle which can melt the material and
deposit on the hot glass plate according to the design developed in a CAD software in
advance. Few common materials that is used for 3D printing are Poly Lactic Acid (PLA),
Polycarbonate (PC), Nylon and Acrylonitrile Butadiene Styrene (ABS). Each of these
materials has its own advantages and disadvantages depending on its material properties.
For manufacturing the 3D printed cell stretcher, PLA and PC materials have been used.
7.3.1. PLA
PLA is the most popular material for 3D printing today. It is one of the easiest materials
to print because of the low temperature needed to melt the material, and its capability to
handle high print speeds. It can also provide high resolution of the print, which helps in
developing prototypes and model with aesthetic details.
7.3.2. PC
PC is one of the engineering materials used in 3D printing. It is a very strong material
with high tensile strength. But, it is not a very popular material because of the high
temperature needed for printing. The accuracy is not that high, leading to changes that
needs to be made in design to provide right tolerances.
The Base of the cell stretcher had to be very strong, while threads of the screw had
to be accurate in order to get right strain distribution. In this regard, the base of the
cell stretcher was printed with PC, while other parts were printed with PLA. PC can also
sustain high temperatures upto 1200, making it the right material to be used for the cell
stretcher, since it has to be kept in the incubator at 370 for 8-10 hours. Comparison of
material properties of PLA and PC is given in Table. 7.6.
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Property PLA PC
Tensile strength 49.6 MPa 76.4 MPa
Printing temperature 200-2100 C 260-2800 C
Bed plate temperature 600 C 1100 C
Table 7.6: Comparison of PLA and PC material properties
7.4. Statistical Analyses
In order to understand the data obtained from the experiments, statistical analyses are
important. Statistical tests performed are
1. ANOVA
2. Multiple comparison test
All statistical tests are performed using the inbuilt functions in Matlab. ANOVA or anal-
ysis of variance is a test which compares the group means of a sample data, and provides
result if the mean of different groups are equal. ANOVA was performed between different
amplitude cases for both fibroblast and osteoblast cells, post-hoc multiple comparison test,
results of which are given in Fig. 7.1
Fig. 7.1: Result of ANOVA post-hoc multiple comparison test of (A)Fibroblast cells and
(B) Osteoblast cells for low and high amplitude loadings.
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